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ABTOD Ha aucepranuonnns Tpya: Heau JTwoueBa HenenueBa-baeBa

Tema Ha JHCepPTALMOHBHHSA TPYA: ,,CTAGHIM3HPALIH pPelieHHs 32 00001eHH

PukaTHeBH ypaBHeHHs”

Penensent: npod. iMa Anapeii bopucos Anapees

1. AKTyaJHOCT HA TEMAaTa

[IpenqMeT Ha wW3CIEABaHE B peLEH3HPaHHUs NHCEPTAMOHCH TPYJ Ca MaTpUYHH
PukatueBn ypaBHeHHs. Te ciyxar 3a ynpaBﬂeﬁne Ha Ba/KHM 32 MaTEeMaTH4EeCKOTO
MOJIeNIUpaHe MONOKUTENHU JrdepeHIMalHl CHCTEMH OT MbpBH pen. OCBeH ToBa Te ca
Ba)KHA 4aCT OT TEOPHUATA HA UTPUTE. AKIEHT Ce IOCTaBs BbpXy HTCPAllUOHHUTE METOJH 32
npubiukaBaHe Ha PEIICHHSTA HA CIIOMEHATUTE MATPUYHM YPABHECHHS. AKTyalTHOCTTa Ha
HanpaBeHHUTe U3CIEIBAHUS CE OMpPEIEN MOHE OT CJEHUTE MPEANOCTaBKH:

e  PasrnenaHute B QUCEpTAlMsATa MATPHYHU YPaBHEHHA €4 9acT OT MPUIIOKCHHUATA

Ha T. Hap. MaTPHYHY Urpu. Te ca MaTeMATHYECKH MOJIEH Ha HAKOU KOH(IUKTHH
CHTyallMH B 06JacTTa Ha MKOHOMHKATa, CTaTHCTHKaTa, OHojorusra U apyru. B
TIPHIIOKEHHATA YECTO B POJIATA HA €IMH OT HIPavHTe Ce pasTIexia ,lpupoara’,
pa3dupaliky BEHIIHYU BB3JECHCTBUS CHC C.Ty4acH XapaKTep;

e  DBompeku, 4e NaHHUTE (MATPHYHHUTE KOEQUIHMEHTH) YECTO HMAT CTOXaCTHYCH

XapakTep, PpELUICHHETO MOXXe Ja MPOBOKHpa CTpaTerdsi Ha MOBCJICHUE 3a

yIpaBsjieHne, HKOHOMUYECKH pelIeHNs, QMHAHCH U APYTH;



° I/ITepaHI/IOHHI/ITe METOOM 34 HaMHpaHE¢ HAa MATPHUYHOTO PEUHICHHUE Ca BaXHa U
HEJCKa 3a7a4a, KOATO HMa CaMOCIOHHO 3HAYEHHE 3a U3YHCIUTCIIHATA

MaTeMaTHKa.

C‘—II/ITaM, YC aKTyaJJHOCTTa Ha H36paHaTa TEMATHUKA € 6e3cnopHa.

2. IMo3sHaBaHe CHCTOSIHHETO HA IPO0JIEMHTE

TemaTHKara Ha AUCEpPTAlMATA € BbPXYy HAMUpPAaHE HA CTaOUIM3WpAIH PCLICHUS 32
MaTpUyHu PuxatweBd ypasHeHus. Tasu Teopud IOJNy4H 3a0€NEKUTENHO DasBHUTHE C
yIBBpKIaBaHe HA KOHIeNnusta 3a paBHoBeche Ha Ham (Nash). Beopeku, 4e HeiHaTa
OCHOBHA 1leJ1 € IPHIOXKEHHE B WKOHOMETPHSTA, TS OTYMTA MHOIO pasHOOOpasHH
HHGOPMALMOHHE ~ CTPYKTYpd. JIMHeifHOKBanpaTHuHUTe JU(EpEHUMATHM UIPH U
JTMHEHHOKBAAPATHYHUAT CTOXAaCTUYCH MOJEN <a OCHOBHH METOIW 3a HamHpaHe Ha
obpaTHa Bpb3Ka U paBHOBecHe Ha Han.

OT AucepranusaTa € BAOHO, Ye JOKTOPAHTKaTa € MHOTO J0Ope 3a103HaTa ¢ eBOJIOHATA
¥ CHBPEMEHHOTO CHCTOSIHUE Ha mpobiieMute. T IEMOHCTpHpA BlIaJECHE HA TEXHUKHTE 34
VTBLPIKIaBaHe, H3MOJ3BaHE U JIOKA3BaHE HA DPEe3yITAaTH OT HUTECPAlMOHHUTE MCTOIH B

U3YHCIUTCIIHUTE TPOLETyPH.

3. MeToauKH HA H3cJAeBaHE

B aucepransTta € M3MON3BaHE KIacuuecKa MaTeMaTHYeCKa TEXHUKA, KaTo: METOJ Ha
ObJIHATA MaTeMaTHUYeCcKa WHIAYKIHS; IpeoOpa3oBaHHMs OT MATPUYHOTO CMSTaHE H
npencTaBsHe HA MaTpudHU GYHKIUA; CBOUCTBA Ea Oe3KpallHUTE MaTPUYHU peauim. Tesu
TeXHHKH 00ade ce IPUIArar 3a MpeooJiIBaHe Ha OCTa TPYJHH OT MaTEMATHYECKa IIeaHa
TOuKa CHTYallu. B amcepranusra He JNUIICBAT U HECTAaHIAPTHU NpHHAOMH. Taka Hanmpumep
THPCEHETO Ha cTabin3upamyt PrukaTieBo perenue 4ecTo ce 6a3npa Ha ypaBHEHHETO Ha
CunsecTsp:

AX + XB =C,

KbIEeTO nangeHute MaTpuitdi A, B m C ca OT pasMEpHOCT mxXm, NXN U MXn, a
Heu3BecTHATa MaTpuua X € OT TUII mX .

Baxcen HHCTPYMEHT MPH T0KA3aTeICTBO HA CXOAUMOCT Ha JaJCH UTEPAI[MOHCH IIPOLEC
e a ce yCTaHOBM, Y€ IPH BCAKA CTHIKA MOIydeHaTa MaTpuna € M —wmarpuuna. Exna
HeocoOeHa KBagpaTHa MaTpuia € M —Marpulla, Koraro BCUUKHM HEMaroHaaHu ¢JICMEHTH

ca HenoJoxurenHd. Torapa HeifHaTa oOpaTHA € H2OTPULATEIHA MATPHIIA.



bux wuckan B PaBHOCMETKA Ja moa4deprad, 4€ B JUCCPTAIHATA OJOKTOpaHTKaTa €

Mpeojoiidiia peauna MATEMaTHICCKU TPYAHOCTH.

4. CTpyKTypa, 00€eM H KpaThK Mperjex HA CbXbPXKAHHETO HA AHCEPTALNHOHHUSA
TPpYA

Jlucepranusra € B 00em oT 137 CTpaHUITH U c& ChCTOU OT YBOJ, TPY IJIaBU ¥ LIUTUPAHA
nutepaTypa. bubnuorpadusTa BxiarouBa 68 3aryiaBus, IOBEYETO OT KOUTO Ca M3NE3JIH OT
reyat npes nociaegHuTe 20 roauHH.

OcBeH TOBa B AUCEPTAIMOHHMS TPYA HaKpas ca JaJeHW OCHOBHHUTE IIPUHOCH (CIIOpe]
aBTOpKaTa), CIHCHK ¢ HEHHHUTE MyONUKAlNU 110 JUCEPTALUATA ¥ U3HECEHHTE TOKIAIU Ha
KOH(EepeHIIUH.

Veoovm wuupopMupa B MHOro Kpatka ¢opma (8 cTpaHunu) 3a ILCIHTE H
U3CIIeIOBATENICKUATE 3aayud, KaKTO W MOTHBanusara 3a u3bopa Ha Temara. Henu baeBa e
yCIsla B CTErHAT BHI JIa MPEICTaBH ChbBPEMEHHOTO CHCTOSHHE Ha OCHOBHMA IpolieM 3a
HaMHMpaHe Ha CTaOWIH3Mpamo penieHue Ha anreOpwuHo PuxatueBo ypasHeHue. ToH e

IIPOBOKUPAH OT IOJIOXKHTENHATA IU(epeHInaTHa CHCTeMa OT BHJIA:
x=Ax+Byu, + Byu,, x(0)=x,, (1)

T.e. TaKaBa, 4e BEeKTOPHT Ha CHCTOSTHHUETO X(!) € HEOTPULATENeH 3a BCAKO £, ako X, = 0 u

(GYHKIIMUTE Ha yIIpaBJIeHUE u¥; U U, ca HEOTPULATEIHH.

Tasa nvpea HU3y4daBa METOJAHW 3a TBPCCHC HA PABHOBECHE IIO Ham B
HHHCﬁHOKBaﬂpaTHqHH UIrpu C JBaMa wuWrpadyu, T1.€. H3CJICIABaHHUATA C€a HNOPOACHH OT

cucreMarta (/). Ts ce ynpaBnsgBa oT maTpu4HO PukatneBo ypaBHEHUE OT BUAA

AT o X[ X] 4 — QI n X]
0 A" X, X, 0, X, X,

J =0, 2)

KbJETO MaTpUuHHUTE KoebpurueHtd 4, Q; U (), ca KBaJpaTHU MaTPUIH OT €JUH U CBINU
Tun, a X, U X, ca HEU3BECTHUTE MATPUIIH.

Jloka3raT ce TeopeMH 3a HaMmMpaHe Ha crabunmsupamo peuieHue (Teopema 1.5 m
Teopema 1.6).

Pesynratute oT Ta3u riaapa u3mon3BaT chlnecTBeHO Te3n Ha Jank and Kremer (2004).

Tam e nanen metron Ha HI0TOH, KOHTO € JOPa3BUT B IHCEPTALMOHHUS TPY.



3a pemiaBaHe Ha (2) ce TIpejyulara HOB HTepalioHeH MeToj, HapedeH Cunsectsp I,
KaTO Ha BCSKa CTHIKA CE pellaBaT ABE JHHEHHM ypaBHeHHS Ha CuiBecTbp. XapaKTepHO

TYK €, 4¢ y4acTBaIIUTE MATPHUIIH Ca C IO-MaJIKa pa3MEPHOCT.

[aea emopa € TOCBeTEHa Ha H3CIEABaHEG Ha HWTCPAlMOHHH MeTOAH. IIBpBO €
pasryielaHo HEeCHMETPUYHO PHKaTHeBO ypaBHEHWE. 3a HEro ce MpUiaraT H3BECTHHTE
YUCJICHN UTepaluoHHu MeToau: Ha HioTon; Moaupunupan ureparmones metos Ha Hioton
¥ JUHEApU3UpaH HUTCPAIlHOHEH MeToHA. Te3u pe3yiTaTH ce OCHOBAaBaT CHIIECTBEHO Ha
pesynrarute, nojy4esu oT Ma and Lu (2016).

Ilo-HaTaThK ce TpeacTaBAT MOMWGHUKAIMKA HA W3BECTHH WTEPALMOHHU METOAM 3a
ThpceHe Ha paBHOBecue 1o Har 3a 3amagara oT mhpBa r1aBa (UTpU C JBaMa Urpadn).

V3pbpimieHH ca AOCTAaTHYHO HAa Opod YHMCICHH ekcrepuMeHTH (8 Ha Opoif) u ca
HampaBeHH wu3BoAd. Karo 1o riiaBa BTOpa BIewarisBa ¢ romeMus obeM Ha

nokasaresictBara. Taka HanpuMmep fokaszaTesictsoro Ha Teopema 10 e Ha 12 cTpanunn.

B Iiasa mpema ce 06001maBar HIKOH METOAH 3a ThPCEHE Ha paBHOBecwe mo Hamr B
TMHEHHOKBAIPATHYHY UIPH 34 TIOJIOKUTEIHH CHCTEMH, KOTATO YYACTHHIIUTE CA [IOBEYE OT
nBama. Hali-Hampen ce pasriexia UTepallMOHHUAT MeTon Ha HrotoH 3a N urpaum
(Teopema 3.1). AH&JIOTHYHH pE3yATaTH ca TIIOIYYEHU 32 HTEPAIIOHHUTE METOIU
Cungectwp I (Teopema 3.3) u Cuneecrsp Il (Teopema 3.5). CriomeHaTuTE TpU TEOpEMH
JI0Ka3BaT CXOAUMOCT Ha CHOTBETHUTE MTEPAIMOHHHU YHUCJICHHW METOJH, KOTaTo OposAT Ha
VUaCTHHLMTE B TMHEHHOKBAAPATUYHHSI IPOLIEC € IIPOU3BOJIHO TOJISIM.

[lo-HaTaTplIHUTE H3CIEABAHHMA B IJaBaTa ca IIOCBETEHHW Ha Meroa Ha HioToH C
napamerpu U Mertox Ha Cunsectsp Il ¢ mapamerpm, xorato OpOsST Ha HUrpadyuTe €
¢dbukcupan Ha Tpuma. Te3u mMeromu, pazbopa ce, OTHOBO Ca NMPUIOKEHHU 32 MPUOIHMIKEHO
HaMHMpaHe Ha CTaOMIW3Wpallo pellleHHe B JNHHeMHOKBaapaTH4HH Urpu. U Tyk e cnaseH

TIPUHIAITHT 32 JOCTATHYHO Ha OPOi YHUCIICHH MPHMEPH.

5. IlpuHocHu B qHcepTALMOHHHS TPYI

[Ile pe3roMupaM MOETO JTUYHO MHEHHUE 3a TO-CHINECTBEHUTE PE3YJITATH, MONYUYEHH B
nuceprauusta Ha Hemu baesa:
e  OCHOBHWTE HayYHH HPUHOCU B JUCEPTATHOHHHS TPYJ Ca CBBP3aHH C YHCICHOTO
peliaBaHe Ha YypaBHeHUsS Ha Pukat (Bwx Hanp. (2)). IIpemnoxenun ca
utepauroHan Meroau CwisecTbp I m CunBectsp Il 3a nBama wrpauwm, kKato ca

JAOKa3aHU CHOTBETHO TCOPEMHU 34 UTCpallV OHHAaTa CXOIUMOCT,



e  be3crnopHO Hali-BII€UAT/SIBAIIUSIT PE3YITAT B TUCEPTALUATA €, Y€ IOCOYEHHUTE MO-
rope aBa MeToja ca 00001IeHH, KoraTto 6posT Ha HrpaduTe N € 1mo-roysaM ot 2. B
JOKA3aHUTE TEOPEMH ca MOJIYyYEHH YCIOBHSATA 3a CXOJUMOCT Ha HTEPallMOHHATA
MaTpH4yHa peauna;

e Jlogyyenm ca JBe HOBH HTEpallMOHHW mpouexypu: HroToH ¢ mapamerpu u

CHIBECTBD C IIAPAMETPH, KATO T€3H Pe3YIITATH ca MpeAcTaBeH: pu N = 3.

B s3aknrouenue me nog4yepras, 4€¢ OCBCH OCHOBHHUTC PE3YyJITaTH, ,Z[06p0 BIICUATIICHUC

npaBy U (GakThT, Y€ TE Ca MOIKPENICHH ¢ Pa3HOOOPa3HU YUCIOBU €KCIICPUMCHTH.

6. Ilyb6auxanuu 110 JHCEPTALNMOHHHSA TPYA

HOKTOpaHTKaTa nMa Tpu HY6J'II/IKaHI/II/I no jgdacepranusara, JBE OT KOUTO ca
CaMOCTOATEIIHHU, a €JHaTa € CbBMECTHA C HAYYHHA PHKOBOIAHUTEI. Enna ot cratumre € ¢
HMIIAKT-paHr. PCSYJ'ITaTI/ITG OT JAucepTallMOHHHA TpyHd ca AOKJIaABaHH W Ha IICT

KOH(pEPEHIIHH, TPH OT KOUTO Cca ¢ MEXIYHAPOJHO y4acTHE.

7. bbaemo H3MOA3BaHE HA Pe3yJITATHTE

W3noxeHnuneTo B aucepranusara mnojckassa, ye¢ Hemn baepa uMa mpeanoduuTaHuss KbM
M3YMCIATENIHA W AJITOPATMHYHHN acleKTH Ha MOJENTHH 3aJa4d, BOACLIM 0 pellaBaHe Ha
CUCTEMHM H/UITH MaTpudHu anreOpuuHu ypaBHeHHs. Kato gokrtopant Ha IIyMeHCKHS
yausepcuteT ,Emuckon Koncrantun [lpecnaBcku™ Ta € dacT OT yCHEHIHO paboTema
rpymna ¢ MeXJayHapoIHa U3BECTHOCT B 00JIaCTTa Ha HEIMHCHHUTE U MAaTPUYHH ypaBHEHUA.
Mmaiiku ripeIBUI IIHPOKUAT CIIEKTHP HA MPUIOKSHUE HA MPEICTABCHUTE B AUCEPTANHATA
3a/1a4d, CbM yBepeH, de He cien abiaro Hemm baeBa mie NmpennoXKu HOBH HUTEPAllAOHHU

aJIr'OPpUTMHU.

8. LluTupanus oT APyrH aBTOpPH

He mu € u3BeCTHO pe3yiITatu 0T Juccprandiara Ja ca H3NOJI3BaHU WU IIUTHPAHU OT

ApyTu cniennualIvucCTu.

9. Ilpenenka 3a aBTopedeparta

ABropedepaThT IPABUIIHO OTpa3sBa OCHOBHHUTE MOJIOXKEHUS U HAyYHUTE TIPHHOCH Ha

nucepraionHus Tpya. He Mora na He otbenexa obade, ye TOM € HalHCaH C



y6e}KI[eHI/IeTO, gec TO34, KOHTO Tro 4YeTe, lIe pasmnojara ¥ CbC caMara JucepTanus. Ilo

UpHHIHUDN, aBTOpedepaTsT TpsAOBa Ja pasmonara ¢ OTAenHa (pasiuvHa) OT TasH Ha

JMCEPTALMOHHUS TPy IUTEpaTypa.

10. Kpuruuau 0eJIeKKH U NIPENOPHKH

ITo JMCepTallMOHHUA TpyHd MLIC HallpaB:A HS$KOJIKO KPpHTHYHHU 6eJ'IC)KKI/I, KOUTO HEC

IMPOMCHSAT 00I10TO MM MHEHHE 34 HETOBUTE KaueCTBa:

MaremaTryeckaTa AucIMIUIMHA ,, Teopua Ha urpute” He OH MOrjia Ia H3UepIu
FOIMOTO Pa3HOOOpasHe HA MATEMAaTHYCCKUTE MOJIENH JOPH H B TIO-TACHA 00J1acT
na npwioxenue (ctp. 4). CrpliecTByBal MaTeMaTHYeCKH MOJENH, KOHTO OCBCH
CTOXACTHYEH HMaT U JETEPMUHHUPAH XapaKTep;

He e sicHo KakBa e HapenbaTa Ha JMTeparypata B AHUCepTalUATa. Ts He € HHUTO
a30y4Ha, HUTO TTOHE XPOHOJIOTMYHA,

I[Tpu mM3MOI3BaHE Ha METOJA Ha MaTeMaTH4YecKaTa WHIYKIU TOBA, KOETO HCKaMe
Na JOKaXkeM, MAaJIKO II0-Hajoly ce JOoIlycka Ja Oble M3MBIHEHO (BHXK Harp.
Teopema 2.8, ctp. 60). TakaBa MaTemMaT44ecka HENPENU3HOCT ce 3a0eNI3Ba NpH
nokasarencrsara Ha Teopema 3.1 u Teopema 3.6. ToBa € jleCHO MOINPaBUMO,
HIOHEkKE 3a CBHINUA MOAXO0J aBTOPKATa € 1OIXO0/IIa KOPEKTHO B JOKa3aTeICTBaTa
na Teopema 1.5, Teopema 1.8, Teopema 2.10, Teopema 3.3 u Teopema 3.5;

He 6uBa TabiuIia OT YKCIOBH €KCIIEPUMEHTH Jia ce paslojlara BbpXy pasiauyHH,
Makap B CchceqHM cTpaHuud. TakuBa ca Tabmuuma 2.4, Tabmuma 2.8 u MHOTO
apyru. Kakto npu obunyaiay MyOnuKalMy B )KYPHAId, Taka ¥ TYK € JOIyCTHMO
4acT OT TEKCTa Ja ObJe MpeMecTeHa, 3a Ja He ce IoJIyYaBa TOBa;

IIpu nuTHpane Ha ABe CheeHH GOpMYIH He ce IUIIe TUpe, a 3aneras. Hanpumep
(1.18), (1.19), Bmecto (1.18) — (1.19);

TpabBa ma or6enexa ronemus Gpoit YuC/ICHH ekcnepuMenTH (06mo 19). Bee max
He OMBa Ja ce TBBHPOM OT KOHKPETEH JIPUMEpP 3a KadecTBara Ha €AWH YUCIICH
METOJ| W CPaBHEHHETO C JIPYI'W HETOBH IOJOOHH BB3 OCHOBA HA BaXHH
napaMeTpH, KaTo Opoil WTepauuH, BpeMe 3a IPECMATaHE M JpPYTd MOAOGHH.
Jlobpe € ma ce haje eKCIUTMIUTHO NPUOIKEHOTO pelICHHE Ha HAKOW MpHMED,

Makap ¥ 3a MAaJIKH CTOMHOCTH Ha .

B 3axmouenne GHX Ipemophyalt pe3ysTaTuTe, OKIaABaHN Ha KOHQepeHmy B Xucap

u TpHBHa, Ja noJjydar l'IOJIOﬁaBaHIOTO KM C€ MSCTO B CricHyAaInu3vupaHu CIIHCaHUs.



11. 3akodeHue

IlpenBHa TrOpPEH3NOXEHOTO, MOXE Ja C€ HalpaBH H3BOOBT, Y€ MPEUIOKEHHUST
JMCEPTALMOHEH TPYJl HATBIHO yAOBlIeTBOpaBa H3uckBaHuaTa Ha 3PAC Pb u IlpaBnnnuka
3a npunarane Ha 3PAC Pb. 3aroBa MoeTo MHeHHE € ,,3A” mpHCHXIaHe Ha oOpa3oBaTenHa
u HayuHa creneH ,,JIokrop” Ha Henu Jlio6uea Henenmuera-baera B obnact Ha BHCInE
obpasopanne 4. I[lpupomnu Hayku, MaTeMaTHKa W HWH(GPOpPMAaTHKA, NpOGECHOHATHO

HanpaBienue 4.5 MaremaTnka, cnelMansocT ,,I34icIuTeHa MaTeMaTUKa” .
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