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Textbooks and textbook manuals

e V. Hasanov, Lectures on numerical methods, (electronic textbook) DLC Shumen uni-
versity, 2014, 139 pages, ISBN 978-954-577-860-5

The lectures are grouped into eight chapters. The last chapter has an auxil-
iary function. Each chapter consists of paragraphs that correspond to the curricu-
lum of Numerical methods in Shumen University. The main topics are: Interpolation
by Lagrange interpolating polynomial and Newton’s divided difference interpolation
formula, Approximation of function on normalized spaces (Uniform approximation,
Mean-square approximation and the Method of least squares), Newton — Cotes formu-
las, Numerical methods for solving nonlinear equations, Direct and iterative methods
for solving linear systems of equations and finally, Numerical methods for determin-
ing the eigenvalues and eigenvectors of matrices. The last chapter is an appendix of
the necessary minimum knowledge in mathematical analysis and algebra. There are
control-related issues and tasks aiming to examine the adopted theoretical material.

The cycle of lectures are mainly structured for the purposes of the students of
the Shumen University, but it can also be useful for students from other universities
studying the same subject as well as for anyone interested in numerical methods.

e V. Hasanov, Linear optimization, UPH ”Bishop Konstantin Preslavsky”, Shumen,
2019, 192 pages, ISBN 978-619-201-327-1

The linear optimization is a main undergraduate course in the curriculum of many
undergraduate courses in higher education and in some others it is part of broader-scale
mathematics courses.

This textbook addresses mainly the students of Shumen University, though it can
also be useful for other students, PhD students and specialists, who are interested
at the theory of linear optimization. It should be taken into consideration that the
theoretical coverage in this book is broader than the material covered in the lectures
of BA degree students. Contrary to the expectations that the theorems should lack
proof grounding here the author has included them in order to satisfy even the most
inquisitive and pretentious of readers.

The textbook is separated into paragraphs which are grouped in five chapters with
an appendix supplemented. Each paragraph comprising theoretical explanations is
backed up by several examples and /or illustrations which could be helpful in the process
of studying. Moreover, at the end of each paragraph there are self-test questions and
exercises.



e V. Hasanov, Handbook on Numerical analysis with Matlab, (second edition), UPH
”Bishop Konstantin Preslavsky”, Shumen, 2019, 248 pages, ISBN 978-619-201-310-3

The content of this handbook is in accordance with the studied material in ”Nu-
merical Methods” discipline at Shumen University. The handbook specifically aim at
the students of Shumen University, though it can also be useful for other students,
PhD students and specialists, as well as anyone interested in the theory of numerical
methods.

The book is separated into paragraphs grouped in six chapters and an appendix
titled ”Introduction to Matlab”. Each paragraph initiated with a theoretical explana-
tion then continues with certain exemplary exercises and self-test drills. Some of the
theoretical explanations are shorter than others but each includes well-based material
as an introduction to numerical methods it may reveal which could prove sufficient in
order to provide a better understanding of the examples and exercise solving. The last
paragraph of each chapter contains the integrated in Matlab functions needed to solve
the exercises as well as other functions which take part in the implementation of the
studied methods.

The first edition was published in 2006. The second edition has been revised and
supplemented with some new paragraphs referring to: Hermite interpolation problem,
Interpolation with spline functions, and the Tridiagonal matrix algorithm.

Papers

1. V.1I. Hasanov, Notes on two perturbation estimates of the extreme solutions to the
equations X + A*X 1A = Q, Applied Mathematics and Computation, 216, (2010),
pp.1355-1362, (Q1, IF=1.536)

In this paper two perturbation estimates are presented of the largest positive
definite solutions of the matrix equations

X+AXTA=Q (1.1)

and
X -AXTA=Q, (1.2)
have been considered, respectively.

The perturbed equations
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have been considered, respectively.

Q (1.4)

The main results are:

Theorem 1.1. Let A, Q, A, Q € C™" (Q > 0,Q > 0) be coefficient matrices for
matriz equations (1.1) and (1.8), P is a positive definite matriz. We assume that

the equation (1.1) has positive definite solution and Xy is the maximal solution. Let
oy = |PXLAPT )y, B = | PXL P,

by = l—a+p,||P7raQP™,
¢ = ||[PTIAQPTY| + 20y |PTAAPTY| + By ||PtAAPTY|”
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If ay <1 and

2
2|Praap| + |[paep < Lt
+

then Dy = bi — 4dey By > 0, the perturbed matriz equation (1.3) has the maximal

(1.5)

positive definite solution X and

by — /D
[AXL]] < IIPII§+T++ = |IP[3S2,-

Theorem 1.2. Let A, A, Q, Q € T (Q > 0, Q > 0) be coefficient matrices for ma-
triz equations (1.2) and (1.4), P is a positive definite matriz. Let o = ||[PXTAP7Y,,
B = ||PX;'P||,, where X, is the unique positive definite solution of equation (1.2),

b = 1—a’+B|PTAQPTY,

¢ = [|[PTTAQPY| + 20| PTIAAPTY| + B PTIAAPTY.
If a <1 and
-1 -1 ~1 -1 (1-a)?
2||PTTAAPTH| || PTTAQP | < 5 (1.6)
then D = b> — 4¢3 > 0 and
b—+D
IAX4] < I1Pl; —2— = IPll5Serr-

26

These two estimates are modifications of the estimates previously obtained for
P=1in:

V.I. Hasanov, [.G. Ivanov, On two Perturbation Estimates of the Extreme Solutions
to the Matrix Equations X + A*X 1A = Q, Linear Algebra Appl., 413 (2006), pp.
81-92.

The conditions || X;'Al|, < 1 and || X'Al|, < 1 in the above paper are not always
satisfied. In this paper (see Theorems 1.1 and 1.2) these conditions have been replaced
by |PX; AP, <1 and |[PX{'AP7!|, < 1, where P is a positive definite matrix.

In case of ||Q_%AQ_%H2 < 3 has been shown that ||Q%XL’1AQ_%H2 < 1 for

Eq. (1.1) and ||Q%X;1AQ_%||2 < 1 for Eq. (1.2), respectively. In this case can

be choose P = Q%. Unfortunately the question: how to choose the matrix P, such
that ||PX;"AP~!||, < 1 in Theorem 1.1 and ||[PX;"AP7!|, < 1 in Theorem 1.2 is
an open problem in the present paper.

. G.H. Nedzhibov, V.I. Hasanov, Newton-Secant Method for Solving Operator Equa-
tions, Mathematica Balkanica, 26, (2012), pp.369-376, MathSciNet [MR3184868]

In this paper two iterative methods have been considered for solving the nonlinear
equation
F(z) =0, (2.1)

where F'is a Fréchet differentiable operator defined on an open subset D of a Banach
space X with values in a Banach space Y. The first method is a generalization of the
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well known Newton — Secant method for nonlinear scalar equations, and the second
method is a modification of the first method.

The following methods are considered:

Newton — secant method

Yo = 2k — F'(2) 7 F(2)

Thi1 = Tp — [Tr, yp) "F(xy), for k>0, and zg € D (2.2)
and modification of the Newton — secant method
Y = T — F/(Jfo)_lF(ka) , (2 3>

Tpi1 = T — [Tr, ye| P F(zr), for k>0, and zy € D

where F'(z) is a Fréchet derivative of F' in z, and [z,y] is a divided difference of F' in
x and y. It follows that [z, y](x —y) = F(x) — F(y).
Under the assumptions: « € D is a simple zero of the operator F', at which the
F'(a)™! exists, and there exist nondecreasing functions
a,b,c:[0,+00) = [0, +00)
such that:

17" ()7 (F"(x) = F'(a)|| < alllz — all), for all z €D
1" ()7 ([, 9] = [z, a])l| < b(lly —ell), for all x,y€ D (2.4)
17 ()7 ([, 0] = [, o)) < ez =]}, for all x€D,

the following theorem with reference to local convergence of the method (2.2) has been
proven:

Theorem 2.1. Let F' be a nonlinear Fréchet differentiable operator defined on a con-
vex open subset D of a Banach space X with values in a Banach space Y. Let us
assume that o € D is a simple zero of the operator F, F'(a)™! exists and conditions
(2.4) are satisfied. In addition, let us assume that each of the equations

a(r)+b(r)=1 and 2b(r)+c(r)=1 (2.5)
has a minimum positive zeros r1 and ry respectively. Denote r = min{ry,ro} and
Ul,r)={zeX:|lx—al| <r*}yC D for r*€(0,r).

Then sequence {xy} (k > 0) generated by method (2.2) is well defined, remains in
U(a,r*) for all k > 0, converges to « provided that o € U(a,r*). Moreover, the
following error bounds hold for all k > 0:

b(llyx — el |k — |l
21 — ol < :
" 1= b(llye — all) = c(llzr — )

(2.6)

where yj, = xy, — F'(xy) 7 F(xy,).



Under additional assumption of the above theorem: the function b(x)/x is to be
bounded on D that follows cubic convergence of the sequence {x;} defined by (2.2).

By analogy to the above theorem, the convergence of the method (2.3) and its
quadratic convergence under boundedness of b(x)/x are proven.

. A.A. Ali, V.I. Hasanov, On some sufficient conditions for the existence of a positive
definite solution of the matrix equation X + A*X 1A — B*X 1B = I, AIP Conference
Proceedings, Volume 1690, 060001, (2015), Proc. of the 41st International Conference
on Applications of Mathematics in Engineering and Economics, AMEE 2015, Sozopol,
Bulgaria, 8-13 June 2015, (SJR=0.18)

In this paper the matrix equation
X+AX'A-B*X'B=1 (3.1)

has been examined, where A and B are n X n matrices, I is n X n identity matrix.

Here, weaker sufficient conditions for existence a positive definite solution of Eq. (3.1)
are proposed in comparison by these of Duan et al. in Linear and Multilinear Algebra,
62(6):839-852, 2014 and of Berzig et al. in Mathematical Sciences, 2012, 6:27, 2012.
The conditions A*A < %I and B*B < %I by Duan et al. are replaced by A*A < %I
and B*B < %I :
Berzig et al. have proved that Eq. (3.1) has a positive definite solution if there are
two parameters § > « > 0 for which the following conditions are satisfied:
(i) 2A*A+al <I<pI
(ii) PBA*A—aB*B <af(l—a)l;
(iii) BB*B —aA*A < ap(f—1)I,;
(iv) A*A< <1 B*B<%I.
In this paper the above conditions are weakened and replaced with
(a) BA*A—aB*B < af(l—a)l;
(b) BB*B—aA*A<ap(f—1I,;
(c) AP+ I1B]]* < o?.
. 'V.I. Hasanov, Perturbation Theory for Linearly Perturbed Algebraic Riccati Equa-

tions, Numerical Functional Analysis and Optimization, 35 (12), (2014), pp.1532-1559,
(Q3, IF=0.591)

In this paper perturbation estimates of the stabilizing relative to II solutions of

the equations
A X+ XA-XGX+Q+1I(X)=0 (4.1)

and
X-AXIT+GX)'XA-Q-T(X)=0 (4.2)

have been proposed, respectively. Eqs. (4.1) and (4.2) are linearly perturbed equations
by the linear positive operator II of the classical Riccati equations:

AX+XA-XGX+Q=0 (4.3)
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and
X-AXI+GX)'XA-Q=0, (4.4)
respectively.
The perturbed equations:
A X+ XA-XGX+Q+1(X)=0 (4.5)
and o o S
X-AXIT+GX)'XA-Q-T(X)=0 (4.6)
are considered, where A = A+ AA, G = G + AG, and Q = Q + AQ are perturbed

coefficients of Eqs. (4.1) and (4.2) with AA, AQ, AG, and II = IT + AIL Here AII is
a linear operator, such that II is a positive operator.

Following the Sun’s technique in STAM J. Matrix Anal. Appl., 19 (1998), pp. 39-65
for the Riccati equations (4.3) and (4.4) perturbation estimations have been obtained
for the investigated equations.

Let

LW = W+Wo,
PN = L '(XN+N*X),
QM = L' (XMX)
and AII(X) = AII(X) 4+ AoII(X), where A1l and A,IT are perturbation in first and
second rate of II respectively.

Let €1, e and d,; be estimates the following norms:
ILPAIX)|| < &1, [L7MAII(X)| < &5, and  [|ATI]| < do,
and

(=L p=IPl, g¢=lQl =L '],

1
e = Z1AQI + A4l + gIAG],  ==eta+a, (47)

dre .
0 =[lAAl: +[IAG]:N X2, 0=0+" §=[Gl2+ [AG]:.

\

One of the main results in the considered paper is:

Theorem 4.1. Assume that X is a c-stabilizing relative to 11 solution to LPCARE
(4.1) and for the defined value in (4.7) the following condition is fulfilled:

[

0+ /1ge < (1= L) (4.8)

Moreover, let A = A+ AA, Q = Q+AQ, G =G+ AG > 0 and All is a linear
operator, such that Il = II+ All is a positive operator. Then perturbed LPCARE (4.5)
with coefficient matrices A, G and Q, and linear operator II has a c-stabilizing relative
to 1 solution X, and

2le

IX = X|| < _ =
(1 =€) =20+ /[(1 — £)l — 202 — 4lge

Vs (4.9)
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A similar theorem for Eq. (4.2) is proven.

5. V. Hasanov, S. Hakkaev, Newton’s method for a nonlinear matrix equation, Comptes
rendus de | Academie bulgare des Sciences, 68 (8), (2015), pp. 973-982, (Q4, IF=0.284)

In this paper the Newton’s method have been proposed for computing the maximal
positive definite solution X of the equation

X+ AXTA=Q. (5.1)
=1

Eq. (5.1) appears the first time in the work of Long et al. Bull. Braz. Math.
Soc., 39, (2008) 371-386 in case of m = 2 and later in the general case in Appl.

Math. Comput., 216, (2010) 3480-3485, where the fixed point iteration and its two
modifications are considered.

Let F(X) = Q — X — S AXX 1 A; and Fi(H) = —H + 27" ALX T HX 1A
where FY% is the Fréchet derivative of F at X.

The Newton’s method: Xy = Xp — (Fy, ) ' F(Xy) for the equation F(X) =0
can be written

Xp— Lp(Xp) =Q—2) LpA;, k=12, (5.2)
=1

where L5.(Xy) = Y7 L XpLix and Ly = X, A,

In the next theorem global convergence of the Newton’s method and a property
of the maximal solution X (,0(2;11 (XL_IA,-)T ® (XA < 1) are proven. Here
A ® B = (a;;B) is the Kronecher product of the matrices A and B.

Theorem 5.1. Let X > 0 is a solution of F(X) > 0 and Xy such that the matriz
Yo (Xo_lAi)T ® (Xy'A;)" is d-stable. Then the Newton sequence { Xy} in (5.2) is
well defined and satisfies the following:

(a) Xp > Xpo1, Xp>X, F(Xp) <0, k>1;

(b) p(SL (X1 A) ® (XMA)) <1, k> 0;

(c¢) limy_,o X = X, is the largest solution of (1.1);

m — T — *
(d) P(Eizl (XLlAi) ® (X 1Ai) ) <1

Moreover, it is proven that, if Eq. (5.1) has a positive definite solution, then
p(X0 (Q7'A)" @ (Q7'A;)") < 1. Thus, for initial value can be chosen Xy = Q.

6. V.I. Hasanov, S.A. Hakkaev, Convergence analysis of some iterative methods for
a nonlinear matrix equation, Computers & Mathematics with Applications, 72 (4),
(2016), pp.1164-1176, (Q1, IF=1.531)

In this paper the convergence rate has been examined considering of the following
iterative methods for obtaining the maximal solution of Eq. (5.1):



— Basic fixed point iteration (BFPI)

XO = Q7
— m *y—1 o X (61)

— First inverse free variant of BFPI (FIFV-BFPI)
XOZQa 0<%§Q_17

Xipr = Q — 25, ATYiAs, (62)
Yk_;,_l:Yk(Q]—Xk}/k), ]{?:0,1,...;

— Second inverse free variant of BFPI (SIFV-BFPI)

O<YOSQ_17 XOZQ_ZZZIA:(%AM
Vi1 = Y421 — X3, Y3), (6.3)
Xe1 =Q -1 A4, k=0,1,....

The main results are presented with respect to the methods considered.

Theorem 6.1. If Eq. (1.1) has a positive definite solution, then for the BFPI (6.1)
we have

| Xeor — Xzl < ST AP X5 — X, (6.4)
=1

for all k > 0.

Moreover, for BFPI (6.1)

limsup v/ || X — Xz|| < p(Z(XilAi)T ® (X '4)7) <1
k—o0 1

is obtained.

Therefore, the convergence of { X} defined by (6.1) is R-linear whenever
(T (G AT ® (X' A7) < 1,
and typically sublinear whenever p(>7 (X '4,)7 ® (X;'4,)") = 1.

)

Theorem 6.2. If Eq. (1.1) has a positive definite solution, then for FIFV-BFPI (6.2)
and any € > 0, we have

Yerr = X2H < D IAXE + el [ Veor = X (6.5)
i=1
and .
X = Xel <D IAlP I1Ye = X2 (6.6)
i=1
for all k large enough. Moreover, if Ay, As, ..., A, are nonsingular, then
X1 — Xl <) IX A + €l | Xy — X (6.7)

i=1

for all k large enough.



Theorem 6.3. If Eq. (1.1) has a positive definite solution, for SIFV-BFPI (6.3) and
any € > 0, we have

Y = XU <D NAXS + el 1Y — XM (6.8)
=1
and .
1Xe = X0l <D AP 1Y = X2l (6.9)
=1
or a arge enough. Moreover, if Ay, Ao, ..., A, are nonsingular, then
Ikl h. M f A, A A mgul h
X1 = Xpl <) IX A+ el | X0 — X (6.10)
=1

for all k large enough.

For SIFV-BFPI (6.3)

m

lim sup /][ X — X[ < p(> (X[ 'A)T @ (X['A)) (6.11)
k—oo i—1
is obtained also, i.e. (6.3) has the same convergence rate as the BFPI (6.1).

In addition to the investigated convergence of the above methods, in this paper a
modification of the Newton’s method (Stein iteration) is proposed:

Let Xo = @ (X, can be chosen by deferent way, see Theorem 6.4). For k = 1,2, ..
take L;. = X,:lAi, 1=1,2,...,m and solve

i)

Xy — Ly XpLjpy = Q=Y ArLy, — ALy, (6.12)

i=1

where j is fixed index in {1,2,...,m}, until || X — Xi_1]|cc < tol. Then X ~ Xj.
Theorem 6.4. Let X > 0 be a solution of F(X) >0, X, is a Hermitian matriz for
which F(X,) < 0 and p(>_1", (X()_lAi)T ® (Xg'4:)") < 1. Then the iteration (6.12)
defines a sequence { X} with the following properties:

(0) Xp > Xp1, X > X, F(X) <0, k>0;

(b) p(SL (X1 A) ® (XMA)) <1, k> 0;

(c¢) limy o Xy = X is the largest solution of (1.1);

m — T — *
(@) p(C2, (XA ® (X'A4)7) < L.

It is proven that, if Eq. (5.1) has a positive definite solution, then F(Q) < 0.
Moreover, when p(3> 7", (XL_IAZ-)T ® (X;'4;)7) < 1, the R-linear convergence of the

Stein iteration (6.12) is proven.



7. V.I. Hasanov, A.A. Ali, On convergence of three iterative methods for solving of the
matrix equation X +A*X 'A+ B*X 1B = ), Computational and Applied Mathemat-
ics, 36 (1), (2017), pp.79-87, (Q3, IF=0.863)

The investigations in this paper precedes the above one, although it was later
printed. Here above result for the considered tree methods for Eq. (5.1): BFPI (6.1)

and its two inverse free variants FIFV-BFPI (6.2) and SIFV-BFPI (6.3), in case of
m = 2 are obtained.

8. V.I. Hasanov, On perturbation estimates for the extreme solution of a matrix equa-
tion, Annals of the Academy of Romanian Scientists: Series on Mathematics and its
Applications, 9 (1), (2017), pp.74-88, (SJR=0.189)

In this paper some perturbation estimates have been obtained for the unique
positive definite solution of the equation

X — EW:A;X—lAi =Q.
i=1

Above equation can be written:
X-AXTTA=Q, (8.1)

where X = I, ® X and
Ay
A= :
Am
It is proven in literature that, Eq. (8.1) has an unique positive definite solution,
which is called extreme.
The perturbed equation
~ O at I ~
X-AX A=Q, (8.2)

is considered, where A and Q (Q > 0) contain small perturbations of A and @ in (8.1),
respectively. Let

Ay
A= |,
An
where A; contain small perturbations of A;, i = 1,2,...,m. Let X+ be extreme solution

of BEq. (82), AX, =X, —-X,, AQ=0Q—-Qand AA=A— A

Yin and Fang in J. Appl. Math. Comput., 43, (2013) 199-211 have generalize our
estimate from Linear Algebra Appl., 413, (2006) 81-92 for Eq. (8.1) in case of m =1
as the condition | X7'Ally < 1 is replaced by ||Al]2][ X5l < 1, which is obviously
stronger.

Here, although the above condition has been weakened, the technique in the first
paper in this list has been applied and the following results have been obtained:

10



Theorem 8.1. Let A, Q and A, Q with Q, Q positive definite be coefficient matrices
for the matriz equations (8.1) and (8.2), respectively, P is a positive definite matriz.

Denote a = ||PX;'AP7Y|, B = ||PXI'P|la, where X, is the extreme solution of
Eq. (8.1),

b=1-a*+B||P'AQP 2,
— — 2
c=|[PT'AQP7 |y 4 2a||P-1AAP7 |y 4+ B|P-TAAPTY|, .

If a <1 and
51 -1 1 —1 (1 —a)?
2PTAAP o+ [PAQP 2 < S (.3)
then D = b? — 4cf > 0 and
b— D
IAXcJe < IPIBZ55 = St

The question: how to chose the matrix P such that |PX'AP~!|y < 1, which is
appeared in the first paper in this list, here is an open problem, also. Here are some
numerical examples are considered for which P = Q2 + 2Q'/* is proposed, but this
value of P does not solve the problem in the general case.

. 'V.I. Hasanov, D.I. Borisova, Perturbation estimates for the maximal solution of a
nonlinear matrix equation, Annals of the Academy of Romanian Scientists: Series on
Mathematics and its Applications, 9 (1), (2017), pp.28-43, (SJR=0.189)

In this paper some perturbation estimations are derived for the maximal positive
definite solution of Eq. (5.1):

X+ zm:A;‘X—lAi =Q.
i=1
The perturbed equation
fA XA =G 01)
is considered, where the matrix coefficients A; := A; + AA;, i = 1,2,...,m and

Q := Q + AQ contain small perturbations.

Duan et al. in Appl. Math. Comput. 218 (2011) 4458-4466 have investigated Eq.
(5.1) in case of Q = I and has been obtained perturbation estimate for the maximal
solution at perturbation in the matrix coefficients A;, 1 = 1,2,...,m.

The first result here is a generalization of the estimate of Duan et al., which is
applicable for Eq. (5.1) for general ) with its perturbation:

Theorem 9.1. Let
. e 1
(i) 1P Al < 7
i=1
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10.

=

(i) 1AQ) < E— HQ‘III(ZIIAZ-II?)ZI QI

= = 1 119 -
(iii) > JAAP+2) [ AlllAA] < [Z—IIQ NS AP QI
=1 =1 =1

Then the equations (9) and (9.1) have mazimal solutions X, and X, respectively.
Moreover,

IAQI +2Q7 11 Y IAAI2I1AN + 1A4])

i=1

1
|IAXL|| < — =: Fy,
C1

where

cr =147 QI Al
i=1

The second result is a generalization of the Xu’s estimation in Linear Algebra Appl.
336, (2001) 61-70 for Eq. (5.1) in case of m = 1. Here the estimate does not depend
on the matrix coefficients in the perturbed equation (9.1):

Theorem 9.2. Let
_ 1 _ - 3
(i) ni=5 =17 (X 14d?)” >0,
=1
(i) |AQ| < nllQ7 |7,
< < n(2 —3n)

(i) D IAAN +2 3 [ANIAA] < Tm—r-
i=1 i=1

Then the equations (9) and (9.1) have mazimal solutions X; and Xy, respectively.
Moreover

1 - m
AXell < =1 (A =mlAQl +2(1¢ ) @A+ IAADIAA = Es,

=1

where ¢3 = n(3 — 4n).

V.I. Hasanov, On a perturbation estimate for the extreme solution of the matrix
equation X — A*X 1A = Q, Innovativity in Modeling and Analytics Journal of Re-
search, 2, (2017), pp.1-11.

In this paper the perturbation estimate which is obtained in the work of the
eighth paper in this list has been considered for the extreme solution of the equation
X — A*X'A = Q. In the eighth paper the following question: "How to choose the

matrix P such that ||[PX'AP~!||y < 17 is asked. The same question has been asked

< 1 is proven,

in the first paper in case of m = 1. In this paper HX;1/2AX;1/2H2

where X, is the extreme solution of the considered equation.

Therefore, the one answer of the above question is P = X;l/ 2,
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11. V.I. Hasanov, On the matrix equation X + A*X 1A — B*X'B = I, Linear and
Multilinear Algebra, 66 (9), (2018), pp.1783-1798, (Q2, IF=0.964)

In this paper the matrix equation (3.1):
X+AXTA-BX'B=1

have been investigated.

Some sufficient and necessary conditions are obtained for existence of a positive
definite solution of the considered equation, as well as a condition for existence the
minimal positive definite solution. Together with the conditions for existence of the
positive definite solution, sets of matrices are defined, in which there is a solution.

Theorem 11.1. Let M be the largest positive definite solution of X + A*X 1A = 1.
Then Eq. (3.1) has a solution Xy € [M, N|, where N is the largest positive definite
solution of X + A*X YA =1+ B*M~'B. Moreover,

(i) if M < Xy, then p(X;/A) <1,

(i3) if M < Xy, and A or B is nonsingular, then p(X;;A) < 1,
(i) if B is nonsingular, then M < X ;.

In the next theorem, the necessary conditions for one positive definite solution of
Eq. (3.1) to be less than or greater of I, respectively, are given:

Theorem 11.2. Let X be a Hermitian solution of Eq. (3.1).

(i) IFX > I, then Eq. (5.1) with Q = I+ BB has the largest positive definite solution
X1, and X < Xp. Moreover, if the matriz B is nonsingular, then p(AB™!) < 1.

(i) If X > I, then B is nonsingular and p(AB™') < 1.
(iii) If 0 < X < I and the matriz A is nonsingular, then p(BA™) < 1.
(i) If0 < X < I, then A is nonsingular and p(BA™') < 1.

For the iterative method
X1 =A(I — Xy + B*X,'B) ' A", Xo=~I (11.1)

the following theorem is formulated:

1—/1—4\, (A*A—B*B)
)

Theorem 11.3. Let A be nonsingular, 0 < A*A—B*B < 11, ay =

ng Ti ;\(/]114;\)1;#-123*3); and By = H\/l%h;A*AfB*B). Then the sequence {X;} de-
ned by ) wit

(i) v = € (0,a4] is monotonically increasing and converges to a positive definite
solution X, € [y11, B11] of Eq. (3.1),

(ii) v = vo € [B1, B2] is monotonically decreasing and converges to a positive definite
solution X,, € [a1l, yI| of Eq. (3.1),

(iii) v € lon, B1] and if Bi||A|l\/ o3 + |B|2 < a;(M(A*A — B*B) + 02(B)), then
Eq. (3.1) has a unique solution X € [aq, (4]
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In this paper a second iterative method have been considered, where the matrix
sequence {Y,} is generated by the equation

Yo —-A7BY,BA™! =AT(I-Y, DA™Y, k=12, . . (11.2)
where Yj is a solution of
Y —ATB'YBA™' = A7 A, (11.3)

Theprem 11.4. Eq. (3.1) has a positive definite solution X_< I if and only if A is
nonsingular, p(A~'B) < 1, and there is a Hermitian matriz ¥ > I such that Y, > Y
for each element of the sequence {Yi}22, generated by (11.2)-(11.3).

From the above mentioned theorem it follows that, if Eq. (3.1) has a positive
definite solution X < I, then it has minimal positive definite solution Xe=Y" >
)/0_1, where )/L = limk_,oo Yk.

D.I. Borisova, V.I. Hasanov, On some perturbation bounds for a matrix equation
from interpolation problems, Annals of the Academy of Romanian Scientists: Series
on Mathematics and its Applications, 10 (2), (2018), pp.297-313, (SJR=0.354)

In this paper the existing perturbation estimates for the unique positive definite
solution of Eq. (8.1):
X-AXTA=0Q
have been compared te numerus numerical examples.

The estimates of the following authors have been considered:

- Sun: Perturbation analysis of the matrix equation X = Q + AH(X — C’)_IA, Linear
Algebra Appl., 362:211-228, 2003;

- Yin and Fang: Perturbation analysis for the positive definite solution of the nonlincar
matrix equation X — Z:i] AIX'A; = @, J. Appl. Math. Comput., 43:199-211, 2013:

- Konstantinov et al.: Sensitivity of the matrix equation Ay + Zle g Al XA = 0,
o; = £1, Appl. Comput. Math., 10:409-427, 2011.

- Hasanov: On perturbation estimates for the extreme solution of a matrix equation
Ann. Acad. Rom. Sci. Ser. Math. Appl., 9:74-88, 2017 (the eighth paper in this
list) and On a perturbation estimate for the extreme solution of the matrix equation
X-A"X-1A = @, Innovativity in Modeling and Analytics Journal of Research, 2:1-11.
2017 (the tenth paper in this list);

The results of the experiments have shown that the estimates of Konstantinov
et al., the Sun’s and the our estimates in many cases have competitive indicators,
Moreover, our estimates have simple computational formulas.

Shumen, Composed by:
2019
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