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Actuality and motivation of the topic

Nonlinear equations are of great importance, because of their important

role in nonlinear mathematical physics. In 1895, Korteweg and de Vries

made a mathematical deduction of the equation (known as the Korteweg-

de Vries equation) (KdV)

ut + 6uux + uxxx = 0, (1)

which describes wave propagation in shallow water and proves the exis-

tence of a solitary wave.

The travelling wave solutions have constant form, which is a conse-

quence of the balance between the dispersion (uxxx) and the nonlinear

part (uux). These solutions are of the form

u(t, x) = f(x− ct), (2)

where c is the wave propagation speed.

In the last years, another nonlinear equation has been the subject of

research interests by many authors, namely the Camassa-Holm equation

ut − uxxt + 2wux + 3uux = 2uxuxx + uuxxx. (3)

This equation was �rst derived as a bi-Hamiltonian generalization of the

Korteweg-de Vries equation [20], and later as a shallow water model [2].

Equation (3) is integrable in the sense of an in�nite-dimensional Hamil-

tonian system [5]. The Cauchy problem for the Camassa-Holm equation

is well studied [4, 6, 7, 8, 25]. The existence of appropriate conservation

laws, that are received, being used the bi-Hamiltonian structure of the

equation and the corresponding isospectral problem, leads to global so-

lutions. The Camassa-Holm equation has both classical solutions, that
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are global and solutions, that are singular. The interesting thing in this

case is, that these singularities are from the type of so-called blow-up in

�nite time, i.e. the solution remains bounded, but the derivative becomes

unbounded for a �nite time. For w = 0, the solitary wave solutions are

of the form

u(t, x) = cφ(x− ct),

where φ(x) = e−|x|. Because of their type, these solutions are called

peakons. Moreover, they are both solitons and are stable [10].

For w ̸= 0, the solitary wave solutions are smooth and orbitally stable

[9].

Another interesting fact concerning the equation of Camassa-Holm,

is that it is an equation of a geodesic line in the orientation preserving

group di�eomorphisms on the unit circle.

In 2001, Dullin, Gottwald and Holm derived the following model for

waves in shallow water (generalized Dullin-Gottwald-Holm equation):

ut − α2uxxt + 2wux + 3uux + γuxxx = α2(2uxuxx + uuxxx). (4)

The Cauchy problem for equation (4) is investigated, both in the periodic

and non-periodic cases.

In [16, 17] the following shallow water model is derived (b-equation):

ut − α2utxx + c0ux + (b+ 1)uux + Γuxxx = α2(buxuxx + uuxxx). (5)

The solutions of the b-equation at c0 = Γ = 0 are investigated for di�erent

values of b in [21, 22], where b is taken as bifurcation parameter. The

b-equation for c0 = Γ = 0 admits peakon solutions, for all b ∈ R, [13, 21,
22].

If α = 0 and b = 2, then the b-equation becomes the well-known

Korteweg-de Vries equation.
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If b = 2 and Γ = 0, the b-equation becomes the Camassa-Holm equa-

tion.

If b = 3 and c0 = Γ = 0 in the b-equation, becomes of the Degasperis-

Procesi equation [14]. The Korteweg-de Vries equation, the Camassa-

Holm equation and the Degasperis-Procesi equation are just three in-

tegrable equations in the b-equation, which is shown in [13, 14]. The

formal integrability of the Degasperis-Procesi equation is obtained in

[12], by constructing the Lax pairs. It has a bi-Hamiltonian structure

with countless many conservation laws and has solutions of the type of

peakones.

The Degasperis-Procesi equation can be considered as a shallow water

model [16, 17].

The Cauchy problem for the equation of Degasperis-Procesi has been

studied recently. The problem is well-posed [31] for the initial value

u0 ∈ Hs(R), s > 3
2 . Similar to the Camassa-Holm equation, the De-

gasperis�Procesi equation has, as global solutions, [18, 28, 30] as solu-

tions, that blow-up in �nite time [18, 28, 30, 31].

In [11] the following equation (hyperelastic rod equation) is derived:

ut − utxx + c0ux + 3uux = γ(2uxuxx + uuxxx), (t, x) ∈ R+ × R, (6)

as a model for nonlinear waves in a cylindrical hyperelastic rod. The

Cauchy problem for equation (6) is investigated in [1, 23, 33, 36].
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Notations

Lp(Ω) - the space of all measurable functions, 1 ≤ p <∞, for which

∥f∥Lp =

[∫
Ω

|f(x)|pdx
] 1

p

<∞;

L∞(Ω) - the space of essentially bounded, measurable functions f with

norm

∥f∥∞ = inf
m(e)=0

sup
x∈Ω\e

|f(x)|;

∥.∥s (s ≥ 0) - Sobolev norm;

∥f∥s =
(∫

R
(1 + |ξ|2)s|f̂(ξ)|2dξ

) 1
2

,

where f̂ is the Fourier transform, and in the case of a periodic function

∥f∥2s =
∑
k∈Z

(1 + |k|2)s|f̂(k)|2;

(., .)s - inner product in the Sobolev space Hs(Ω), in particular (., .)0

means inner product in L2(Ω);

L(X, Y ) - the space of bounded linear operators from X in Y ;

G(X, 1, β) � the space of linear operators generating C0�semigroup,

with the property ∥ e−sA ∥L(X)≤ eβs

[A,B] = AB −BA - the commutator of two operators;

∥ · ∥L2 - norm in the space L2(R)
∥ · ∥Hs - norm in the space Hs(R)
∗ � the convolution of f(x) with g(x) ((f ∗g)(x) =

∫
R f(x−y)g(y)dy)
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Purpose of the dissertation

The present dissertation is dedicated to the Cauchy problem for equa-

tions, generalizing the equation of Camassa-Holm and in particular the

generalized equation of Dullin-Gottwald-Holm, the b-equation and the

hyperelastic rod equation.

The purposes, that are set in the presented work are reduced to:

1. An investigated of the Cauchy problem for relevant models.

2. Finding initial conditions for the generalized Dullin-Gottwald-Holm

equation and the b-equation, where the solutions blow-up in �nite time.

3. Construct an explicit singular solution for the b-equation and the

hyperelastic rod equation, and study the stable behavior of the solutions,

around the explicit singular solution.

4. Construction of self-similar solutions, study of the dynamical be-

havior of solutions, around self-similar solutions and study of global

well-posedness for the generalized Dullin-Gottwald-Holm equation with

strongly dispersive term.

Structure and volume of the dissertation

The dissertation consists of four chapters, each of which is divided into

paragraphs. The numbering of the formulas in the text is two-digit, with

the �rst digit corresponding to the chapter number. Finally is attached:

a bibliography, covering 54 literary sources, a list of 5 articles by the

author and 2 citations.

The �rst chapter of the dissertation examines the generalized Dullin-

Gottwald-Holm equation. In the �rst paragraph, Cauchy's problem is

discussed. In the second paragraph, the question is addressed: Under
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what initial conditions of solutions blow-up in �nite time? In paragraph

3, conditions are found for the initial data, where the corresponding so-

lutions are global.

In the second chapter, the b-equation is considered. In paragraph 1,

conditions are found for the initial data and the bifurcation parameter

b ≥ 2, under which the solutions blow-up in �nite time. In paragraph 2,

the solutions u(t, x) with initial condition u0 with compactly supported

are described.

In Chapter 3, the b-equation and the hyperelastic rod equation are

discussed. In Section 1, an explicit singular solution is constructed, and

in Section 2, the stable behavior of solutions around the explicit singu-

lar solution for the b-equation is investigated. In Section 3, an explicit

singular solution is constructed, and in Section 4, the stable behavior of

solutions around the explicit singular solution for the hyperelastic rod

equation is investigated.

In the fourth chapter a strongly dispersive nonlinear wave equation is

considered, which is a version of the generalized Dullin-Gottwald-Holm

equation. In paragraph 1, the self-similar solutions are constructed. In

Section 2, the dynamical behavior of solutions, near to self-similar so-

lutions is investigated, the Cauchy problem is considered, and global

well-posedness is investigated.
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Chapter 1

Generalized Dullin-Gottwald-Holm equation

In the �rst chapter we consider equations, generalizing the equation of

Camassa Holm. Existence, singularity and continuous dependence of the

initial conditions are the main problems, with which we will concerned in

this chapter with these equations. The �rst problem that we will consider,

is: Under what initial conditions do we have local solutions? After solving

the problem of local solutions, the next question, that emerges, is: Are

these solutions global? If the solutions exist only for a �nite time, then

the question is: Why? One of the reasons, in the shallow water theory,

for the appearance of singular solutions, is the "wave breaking" e�ect of

solutions for �nite time, i.e. solutions remain bounded, but the derivative

of these solutions becomes unbounded in �nite time. To answer the

�rst question we will use Kato's theory ([24]) for quasi-linear evolution

equations. We are looking at the abstract quasi-linear equation

dv

dt
+ A(v)v = f(v) , t ≥ 0, v(0) = v0. (1.1)

Let X and Y are real Hilbert spaces with norms || · ||X and || · ||Y ,
respectively. Assume that Y is continuously and densely embedded in

X, and Q : Y → X be a topological isomorphism. In examining the

Cauchy problem for the above abstract quasi-linear equation, in Kato's
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theory, essential are the following conditions, imposed on the operator

and the nonlinear part:

(H1) A(y) ∈ L(Y,X) for y ∈ X, A(y) ∈ G(X, 1, β) and for any R > 0

there exists µ1, such that

||(A(y)− A(z))w||X ≤ µ1||y − z||X ||w||y

for all y, z, w ∈ Y with ||y||Y ≤ R, ||z||Y ≤ R.

(H2) QA(y)Q−1 = A(y) + B(y), where B(y) ∈ L(X) is bounded

uniformly for ||y||Y , and for any R > 0, there exists µ2, such that

||(B(y)−B(z))w||X ≤ µ2||y − z||Y ||w||X

for y, z ∈ Y, w ∈ X with ||y||Y ≤ R, ||z||y ≤ R.

(H3) f : Y → X and extends also to a map from X in X and there

exists µ3, µ4, such that

||f(y)− f(z)||Y ≤ µ3||y − z||Y ,

||f(y)− f(z)||X ≤ µ4||y − z||X

for all y, z ∈ Y with ||y||Y ≤ R, ||z||Y ≤ R.

Under the above conditions Kato shows that the Cauchy problem (1.1)

has local solutions.

Theorem 1. [24] Assume(H1)-(H3). Then for any R > 0, there exist

T > 0, such that for any v0 ∈ Y with ||v0||Y ≤ R, there exists a unique

solution v of (1.1) with

v ∈ C([0, T ];Y ) ∩ C1([0, T ];X).

Moreover, the map v0 → v(·, v0) is continuous from Y to C([0, T ];Y ) ∩
C1([0, T ];X).
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We consider the equation

ut − α2uxxt + 2wux + (g(u))x + γuxxx = α2(2uxuxx + uuxxx). (1.2)

After several transformations, equation (1.2) can be written in the

form

ut+
(
u− γ

α2

)
ux = −∂x(1−α2∂2x)

−1

[
g(u)− u2

2
+
( γ
α2

+ 2w
)
u+

α2

2
u2x

]
.

(1.3)

We put

A(u) =
(
u− γ

α2

)
∂x,

f(u) = −∂x(1− α2∂2x)
−1

[
g(u)− u2

2
+
( γ
α2

+ 2w
)
u+

α2

2
u2x

]
,

Y = Hs, X = Hs−1 and Q = Λ = (1− ∂2x)
1
2 . Q is a isomorphism of Hs

onto Hs−1.

Thus, equation (1.2) can be written in the form

ut + A(u)u = f(u).

1.1 Cauchy problem

Using Kato's theory, the following main result in this paragraph is ob-

tained, which shows that the Cauchy problem has local solutions:

Theorem 2. Assume that g ∈ Cm+3(R), m ≥ 2 and g(0) = 0. Given

u0 ∈ Hs, 3
2 < s < m, there exists a maximal T > 0 and a unique

solution u to equation(1.2), such that

u = u(., u0) ∈ C([0, T );Hs) ∩ C1([0, T ];Hs−1).

Moreover, the solution depends continuously on the initial data.
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1.2 Singular solutions

In this paragraph we seek an answer to the following question: At what

initial conditions u0(x), solutions of the equation (1.2) for g(u) = 3
2u

2,

blow-up in �nite time? In this case the equation is

ut − α2uxxt + 2wux + 3uux + γuxxx = α2(2uxuxx + uuxxx). (1.4)

The above equation is integrable [3, 29] and he Cauchy problem is well

posed for initial conditions u0(x) ∈ Hs, s > 3
2 [32].

The �rst main result shows that the equation has a solution, whose

Sobolev norm blow-up in �nite time.

Theorem 3. Let u0 ∈ H3, such that∫
R
u30x(x)dx < 0

and(∫
R
u30xdx

)2

≥ 3

2α2
max{1, 1

α2
}3E(u0)3+

12

α2
| 2w+ γ

α2
|
(
max{1, 1

α2}
2

E(u0)

) 3
2

.

Then the corresponding solution to (1.4) blow-up in �nite time.

The next main result shows, that the solutions remain bounded, while

the derivative becomes unbounded in �nite time.

Theorem 4. Let α > 0, u0 ∈ Hs, s > 3
2 and the solution u = u(., u0) is

uniformly bounded. The solution blow-up in �nite time T < +∞ if and

only if

lim inf(inf[ux(t, x)]) = −∞.

The next two results in this paragraph show, that the solution blow-up

in �nite time.

13



Theorem 5. Given u0 ∈ Hr(S), r ≥ 3 and assume that we can �nd

x0 ∈ S with

u
′

0(x0) < −β,

where β = 1
α [δ

2 + 4 | 2w + γ
α2 | δ] 12 and δ =|

∫
S u0(x)dx | + 1

α
√
12
E(u0)

1
2 .

Then the corresponding solution to equation (1.4) blow-up in �nite time.

Theorem 6. Let 2w + γ
α2 = 0, α > α0, α0 ∈ (0, 1).Assume that initial

data u0 ∈ H3(S) is such that
∫
S u0(x)dx = 0. Then the corresponding

solution of (1.4) blow-up in �nite time.

1.3 Global solutions

In this paragraph, it is shown that there exist global solutions of (1.4).

The main result is the following theorem:

Theorem 7. Let u0 ∈ Hr(S), r ≥ 3 and y0+w+ γ
2α2 don't change your

sign. Then the solution of (1.4) is a global.
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Chapter 2

Generalized nonlinear b-equation

In this chapter we consider the equation
ut − α2utxx + c0ux + (b+ 1)uux + Γuxxx = α2(buxuxx + uuxxx)

u(0, x) = u0(x), x ∈ R
(2.1)

where c0, b, Γ, α are arbitrary constants. For y = u−α2uxx, the equation

(2.1) is written in the form
yt + c0ux + uyx + buxy + Γuxxx = 0

u(0, x) = u0(x).

(2.2)

The Cauchy problem for equation (2.1) was studied in [19]. For the

bifurcation parameter b ≥ 3, and on the some conditions on the initial

data it is shown that corresponding solutions blow-up in �nite time. We

extend this result to b ≥ 2, by using the ideas of [35].
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2.1 Blow-up of solutions

We consider the di�erential equation
qt = u(t, q)− Γ

α2 , t ∈ [0, T ),

q(0, x) = x, x ∈ R.
(2.3)

After di�erentiating equation (2.3) by x, we get
d
dtqx = qxt = ux(t, q)qx, t ∈ [0, T ),

qx(0, x) = 1, x ∈ R.
(2.4)

The solution of equation (2.4) is

qx(t, x) = exp

(∫ t

0

ux(s, q(s, x))ds

)
, (t, x) ∈ [0, T )× R (2.5)

and

y(t, q(t, x))[qx(t, x)]
b = y0(x). (2.6)

The main result in this paragraph is:

Theorem 8. Let b > 2 and c0 = Γ = 0. Suppose that u0 ∈ H2(R) and

there exists x0 ∈ R, such that y0(x0) = (1− α2∂2x)u0(x0) = 0, and

y0(x) ≥ 0 for x ∈ (−∞, x0) and y0(x) ≤ 0 for x ∈ (x0,∞).

Then the corresponding solution u(t, x) of equation (2.1) blow-up in �nite

time with lifespan

T ≤ max

{
−2

u0x(x0)
,

−2α2u0x(x0)

α2u20x(x0)− u20(x0)

}
.
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2.2 Solutions with compact support

In this paragraph, the solutions u(t, x) with initial condition u0 with

compactly supported are described.

The main theorem of this part is as follows:

Theorem 9. Let 0 < b < 3 and c0+
Γ
α2 = 0. Assume that the initial da-

tum u0 ∈ H3(R) is compactly supported in [c, d]. Then the corresponding

solution of (2.1) has the following property: for 0 < t < T :

u(t, x) = L(t)e−
x
α as x > q(t, d)

and

u(t, x) = l(t)e
x
α as x < q(t, c)

with L(t) > 0 and l(t) < 0 respectively, where q(t, x) is de�ned by (2.3)

and T is its lifespan. Furthemore, L(t) and l(t) denote continuousnon-

vanishing functions, with L(t) > 0 and l(t) < 0 for t ∈ (0, T ]. And

L(t) is a strictly increasing function, while l(t) is a strictly decreasing

function.
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Chapter 3

Stability of generalized nonlinear b-equation and hyperelastic

rod equation

In this chapter, the b-equation

ut−α2utxx+c0ux+(b+1)uux+Γuxxx = α2(buxuxx+uuxxx), (t, x) ∈ R+×R
(3.1)

and the following hyperelastic rod equation

ut − utxx + c0ux + 3uux = γ(2uxuxx + uuxxx), (t, x) ∈ R+ × R, (3.2)

are considered.

Explicit singular solutions are constructed and the stable behavior

of the solutions around the explicit singular solutions is investigated for

equations (3.1) and (3.2).

3.1 Singular solution for the b-equation

In this paragraph we seek the solutions of equation (3.1) in the form

u(t, x) =
n∑

i=0

Ai(t)x
i. (3.3)

The main result in this paragraph gives us the explicit singular solution

of equation (3.1):
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Theorem 10. Let T > 0 be the maximal existence time of the solution.

Then the equation (3.1) has an explicit singular solution as follows:

u(t, x) = − 1

b+ 1

(
c0 +

x

T − t
+

1

T − t

)
. (3.4)

3.2 Dynamical stability around the singular solution

to the b-equation

In this paragraph, we consider stability of the explicit solution for equa-

tion (3.1), constructed in Theorem 10. Let the solution of equation (3.1)

be a perturbation around the explicit solution, that is

u(t, x) = v(t, x) + u(t, x), (3.5)

where u(t, x) = − 1
b+1(c0+

x
T−t+

1
T−t) is the explicit solution, constructed

in Theorem 10.

Substituting(3.5) into (3.1), we get a dissipative quasilinear equation

with singular coe�cients as follows:

vt − α2vtxx +
[
Γ + α2

b+1

(
c0 +

x
T−t +

1
T−t

)]
vxxx +

bα2

(b+1)(T−t)vxx

−
(

x
T−t +

1
T−t

)
vx − 1

T−tv + (b+ 1)vvx

= α2(bvxvxx + vvxxx), ∀(t, x) ∈ (0, T )× R
(3.6)

with the initial condition

v(0, x) = v0(x) = u0(x) +
1

b+ 1

(
c0 +

x

T
+

1

T

)
, ∀x ∈ R.

In order to deal with the singular time coe�cients, we introduce the
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following coordinate system with parameter T:

τ = −ln(T − t), ρ =
x

T − t
. (3.7)

Then the solution v has the form of v(t, x) = ψ(τ, ρ). A direct calculation

shows that

vx(t, x) = eτψρ, vt(t, x) = eτ(ψτ + ρψρ),

vxx(t, x) = e2τψρρ, vtx(t, x) = e2τ(ψτρ + ψρ + ρψρρ),

vxxx(t, x) = e3τψρρρ, vtxx(t, x) = e3τ(ψτρρ + 2ψρρ + ρψρρρ).

Thus (3.6) becomes to

(ψ − α2e2τψρρ)τ − (b+2)α2

b+1 e2τψρρ + e2τ
(
Γ + 2α2

b+1(
c0
2 − b

2ρ) +
α2

b+1e
τ
)
ψρρρ

−ψ + (b+ 1)ψψρ − eτψρ = α2e2τ(bψρψρρ + ψψρρρ).

(3.8)

Let k = e−τρ and v(τ, k) = e−τψ(τ, ρ). Then

ψτ = eτv + eτvτ − ρvk, ψρ = vk, ψρρ = e−τvkk, ψρρρ = e−2τvkkk,

ψτρ = vτk − kvkk, ψτρρ = e−τ(vτkk − vkk − kvkkk).

Thus (3.8) can be rewritten as

vτ − α2vτkk − α2

b+1vkk + e−τ
[
Γ + α2

b+1(c0 + keτ + eτ)
]
vkkk

−(k + 1)vk + (b+ 1)vvk = α2(bvkvkk + vvkkk).

Let the operator Λ = (1−α2∂kk)
1
2 . Since 1−α2∂kk admits a fundamental

solution

p(k) =
1

2α
e−| kα |,
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we have Λ−2v = p(k) ∗ v for all v ∈ L2. Let w(τ, k) = v(τ, k) −
α2vkk(τ, k), then v(τ, k) = p ∗ w, where k ∈ R. Furthermore, note

that

(p ∗w)kk = α−2(p ∗w−w), vk = (p ∗w)k, vkkk = α−2((p ∗w)k −wk),

then (3.8) can be rewritten as

wτ +
1

b+1w − e−τ
[
Γ
α2 +

1
b+1(c0 + eτk + eτ)

]
wk − 1

b+1(p ∗ w)

+
{
e−τ

[
Γ
α2 +

1
b+1(c0 + eτk + eτ)

]
− (k + 1)

}
(p ∗ w)k + (b+ 1)(p ∗ w)(p ∗ w)k

= b(p ∗ w)k(p ∗ w − w) + (p ∗ w)[(p ∗ w)k − wk]

(3.9)

with the initial data

w(0, k) = w0(k) = ψ0(k)− α2vkk(0, k)

= u0(x)− α2u′′0(x) +
1

b+1

(
x
T + 1

T + c0
) (3.10)

and the boundary conditions

lim
|k|→+∞

w(τ, k) = 0, lim
|k|→+∞

wk(τ, k) = 0. (3.11)

The main result in this paragraph is:

Theorem 11. Let s > 2, α ̸= 0, b > −1 and δ be a su�ciently small

constant. Then the explicit solution (3.4) of equation (3.1) is asymptotic

stable, i.e., if the initial data u0(x) satis�es

∥u0(·)− u(0, ·)∥Hs+1(R) ≤ δ,

then there is a solution u(t, x) of (3.1), satisfying

lim
t→T−

∥u(t, ·)− u(t, ·)∥Hs(R) = 0, (t, x) ∈ (0, T )× R.
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3.3 Singular solution of hyperelastic rod equation

In this paragraph we seek the solutions of equation (3.2) in the form

u(t, x) =
n∑

i=0

Ai(t)x
i. (3.12)

The main result in this paragraph gives us the explicit singular solution

of equation (3.2).

Theorem 12. Let T > 0 be the maximal existence time of the solution.

Then the equation (3.2) has an explicit singular solution as follows:

u(t, x) = −1

3

(
c0 +

x

T − t
+

1

T − t

)
. (3.13)

3.4 Dynamical stability around the singular solution

to the hyperelastic rod equation

In this paragraph, we consider stability of the explicit solution for equa-

tion (3.2), constructed in Theorem 12. Let the solution of equation (3.2)

be a perturbation around the explicit solution, that is

u(t, x) = v(t, x) + u(t, x), (3.14)

where u(t, x) = −1
3(c0 +

x
T−t +

1
T−t) is the explicit solution, constructed

in Theorem 12.

Substituting (3.14) into (3.2), we get a dissipative quasilinear equation
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with singular coe�cients as follows:

vt − vtxx +
γ
3

(
c0 +

x
T−t +

1
T−t

)
vxxx +

2γ
3(T−t)vxx

−
(

x
T−t +

1
T−t

)
vx − 1

T−tv + 3vvx

= γ(2vxvxx + vvxxx), ∀(t, x) ∈ (0, T )× R

(3.15)

with the initial condition

v(0, x) = v0(x) = u0(x) +
1

3

(
c0 +

x

T
+

1

T

)
, ∀x ∈ R.

In order to deal with the singular time coe�cients, we introduce the

following coordinate system with parameter T:

τ = −ln(T − t), ρ =
x

T − t
. (3.16)

Then the solution v has the form of v(t, x) = ψ(τ, ρ). A direct calculation

shows that

vx(t, x) = eτψρ, vt(t, x) = eτ(ψτ + ρψρ),

vxx(t, x) = e2τψρρ, vtx(t, x) = e2τ(ψτρ + ψρ + ρψρρ),

vxxx(t, x) = e3τψρρρ, vtxx(t, x) = e3τ(ψτρρ + 2ψρρ + ρψρρρ).

Thus (3.15) becomes to

(ψ − e2τψρρ)τ +
2(γ−3)

3 e2τψρρ + e2τ
(
γc0+(γ−3)ρ

3 + γ
3e

τ
)
ψρρρ

−ψ + 3ψψρ − eτψρ = γe2τ(2ψρψρρ + ψψρρρ).

(3.17)

Let k = e−τρ and v(τ, k) = e−τψ(τ, ρ). Then

ψτ = eτv + eτvτ − ρvk, ψρ = vk, ψρρ = e−τvkk, ψρρρ = e−2τvkkk,

ψτρ = vτk − kvkk, ψτρρ = e−τ(vτkk − vkk − kvkkk).
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Thus (3.17) can be rewritten as

vτ − vτkk +
2γ−3
3 vkk + e−τ γ

3(c0 + keτ + eτ)vkkk

−(k + 1)vk + 3vvk = γ(2vkvkk + vvkkk).

Let the operator Λ = (1 − ∂kk)
1
2 . Since 1 − ∂kk admits a fundamental

solution

p(k) =
1

2
e−|k|,

we have Λ−2v = p(k)∗v for all v ∈ L2. Let w(τ, k) = v(τ, k)−vkk(τ, k),
then v(τ, k) = p ∗ w, where k ∈ R. Furthermore, note that

(p ∗ w)kk = p ∗ w − w, vk = (p ∗ w)k, vkkk = (p ∗ w)k − wk,

then (3.17) can be rewritten as

wτ − 2γ−3
3 w − e−τ γ

3(c0 + eτk + eτ)wk +
2γ−3
3 (p ∗ w)

+
{
e−τ γ

3(c0 + eτk + eτ)− (k + 1)
}
(p ∗ w)k + 3(p ∗ w)(p ∗ w)k

= 2γ(p ∗ w)k(p ∗ w − w) + γ(p ∗ w)[(p ∗ w)k − wk]

(3.18)

with the initial data

w(0, k) = w0(k) = ψ0(k)− vkk(0, k)

= u0(x)− u′′0(x) +
1
3

(
x
T + 1

T + c0
) (3.19)

and the boundary conditions

lim
|k|→+∞

w(τ, k) = 0, lim
|k|→+∞

wk(τ, k) = 0. (3.20)

The main result in this paragraph is:
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Theorem 13. Let s > 2, γ ≤ 2 and δ be a su�ciently small constant.

Then the explicit solution (3.13) of equation (3.2) is asymptotic stable,

i.e., if the initial data u0(x) satis�es

∥u0(·)− u(0, ·)∥Hs+1(R) ≤ δ,

then there is a solution u(t, x) of (3.2), satisfying

lim
t→T−

∥u(t, ·)− u(t, ·)∥Hs(R) = 0, (t, x) ∈ (0, T )× R.
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Chapter 4

Strong dispersive Dullin-Gottwald-Holm equation

In this chapter we consider the following strong dispersive nonlinear wave

equation:

ut−α2utxx+2kux+3uux+γ(u−α2uxx)xxx = α2(2uxuxx+uuxxx). (4.1)

Equation (4.1) is a version of the following well-known generalization of

the Dullin-Gottwald-Holm equation [15]

ut − α2utxx + 2ωux + 3uux + γuxxx = α2(2uxuxx + uuxxx). (4.2)

Equation (4.2) is dedrived in [15] as a model for shallow water waves.

The Cauchy problem for the equation Dullin-Gottwald-Holm in both

periodic and non periodic case was studied in [27, 29, 34]. For (4.2) the

problem of the asymptotic stability of self-similar solution was considered

in [26]. The authors construct explicit self-similar solutions and consider

the dynamical behavior of the solutions near to the self-similar solutions.

Moreover the asymptotic stability also was considered.

We construct the explicit self-similar solutions and to consider dynam-

ical behavior of the solutions, near to the self-similar solutions. Moreover,

we consider the Cauchy problem and to investigate global well posedness

for equation (4.1).
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4.1 Self-similar solutions

In this paragraph are constructed the self-similar solutions for equation

(4.1). Let T be a positive constant. We introduce the similarity coordi-

nates:

τ = −log(T − t), ρ =
x

T − t
, (4.3)

and let

u(t, x) = ϕ

(
−log(T − t),

x

T − t

)
.

Direct computation gives that

ut(t, x) = eτ(ϕτ + ρϕρ), ux(t, x) = eτϕρ,

uxx(t, x) = e2τϕρρ, utxx = e3τ(ϕτρρ + 2ϕρρ + ρϕρρρ),

uxxx(t, x) = e3τϕρρρ, uxxxxx(t, x) = e5τϕρρρρρ.

Thus equation (4.1) is transformed into an one dimensional quasilinear

equation

ϕτ + (ρ+ 2k + 3ϕ)ϕρ − α2e2τ(ϕτρρ + 2ϕρρ + ρϕρρρ)

+γe2τ(ϕ− α2e2τϕρρ)ρρρ = α2e2τ(2ϕρϕρρ + ϕϕρρρ).

(4.4)

The steady equation of quasilinear equation (4.4) is

(ρ+ 2k + 3ϕ)ϕρ = 0. (4.5)

Equation (4.5) has a non-trivial solution

ϕ(ρ) = −1

3
(ρ+ 2k). (4.6)

Consequently, the equation (4.1) admits an explicit self-similar solution

u(t, x) = −1

3

(
x

T − t
+ 2k

)
. (4.7)
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4.2 Dynamical behavior

Consider the perturbation of the form

u(t, x) = v(t, x) + u(t, x), (4.8)

where u(t, x) = −1
3

(
x

T−t + 2k
)
is the explicit self-similar solution from

(4.7) of equation (4.1).

Substituting (4.8) into (4.1), we obtain the following dissipative quasi-

linear equation with singular coe�cients:

vt − α2vtxx − γα2vxxxxx +
(
γ + α2

3

(
x

T−t + 2k
))
vxxx

+ 2α2

3(T−t)vxx −
x

T−tvx −
1

T−tv

= α2(2vxvxx + vvxxx)− 3vvx, ∀(t, x) ∈ (0, T )× R,

(4.9)

with the initial data v(0, x) = v0(x) = u0(x) +
1
3

(
x
T + 2k

)
.

In the similarity coordinates (4.3), equation (4.9) can be rewritten as

follows

vτ − α2e2τvτρρ − 4α2

3 e
2τvρρ + e2τ

(
γ + 2α2

3 (k − ρ)
)
vρρρ

−α2γe4τvρρρρρ − v + 3vvρ = α2e2τ(2vρvρρ + vvρρρ).

(4.10)

We introduce the transformation v(τ, ρ0) = e−τv(τ, ρ), with ρ0 := e−τρ,

to reduce equation (4.10) into

vτ −α2vτρ0ρ0 −
α2

3
vρ0ρ0 + e

−τ

(
γ(v − α2vρ0ρ0)ρ0ρ0ρ0 +

2α2

3
(k − ρ)vρ0ρ0ρ0

)
+α2ρ0vρ0ρ0ρ0 + (3v − ρ0)vρ0 = α2(2vρ0vρ0ρ0 + v vρ0ρ0ρ0).
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Note the operator 1−α2∂ρ0ρ0 has a fundamental solution p(x) = 1
2αe

−|ρ0α |.

We can denote the operator (1−α2∂ρ0ρ0)
1
2 by Λ, then Λ−2v = p(ρ0)∗v

for all v ∈ L2.

Let w(τ, ρ0) = v(τ, ρ0) − α2vρ0ρ0(τ, ρ0), then it holds v(τ, ρ0) = p ∗
w, where ρ0 ∈ R. Furthermore, equation (4.10) can be rewritten as a

dissipative non-local equation

wτ +
1
3w − e−τ

(
2k+eτρ0

3

)
wρ0 + γe−τwρ0ρ0ρ0 − 1

3(p ∗ w)

+e−τ
(
2(k−eτρ0)

3

)
(p ∗ w)ρ0 + 3(p ∗ w)(p ∗ w)ρ0

= 2(p ∗ w)ρ0(p ∗ w − w) + (p ∗ w)((p ∗ w)ρ0 − wρ0)

(4.11)

with the initial data

w(0, ρ0) := w0(ρ0) = v0(ρ0)− α2vρ0ρ0(0, ρ0)

= u0(x)− α2uq0(x) +
1
3

(
x
T + 2k

) (4.12)

and the boundary conditions

lim
|ρ0|→+∞

w(τ, ρ0) = 0, lim
|ρ0|→+∞

wρ0(τ, ρ0) = 0. (4.13)

Here we use (p ∗ w)ρ0ρ0 = α−2(p ∗ w − w).

The term 1
3w is a dissipative term in equation (4.11). This term can

make us to get a good priori estimate on the solution for equation (4.11).

The main result in this paragraph is:

Theorem 14. Let s > 4 be an integer. The nonlinear equation (4.10)

with initial data (4.12) and boundary conditions (4.13) has a global so-
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lution v(τ, ρ) ∈ Hs. Moreover, if the initial data ∥v0∥Hs+1 < δ for su�-

ciently small δ > 0, then

∥v∥Hs ≤ Cδe−2τ .
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Contributions

The dissertation examines the Cauchy problem for equations, general-

izing the Camassa-Holm equation and, in particular, the generalized

Dullin-Gottwald-Holm equation, the b-equation and the hyperelastic rod

equation.

The Cauchy problem for the generalized Dullin-Gottwald-Holm equa-

tion is investigated. Initial data conditions, where the solutions blow-up

in �nite time and initial data conditions, where the solutions are global,

are found.

Initial data conditions have been found for the b-equation and im-

proved results for the bifurcation parameter b, where the solutions blow-

up in �nite time. Solutions with an initial condition with a compactly

supported are described.

Explicit singular solutions are constructed and the stable behavior of

the solutions around the explicit singular solutions for the b-equation and

the hyperelastic rod equation is investigated.

The self-similar solutions are constructed and the dynamical behavior

of the solutions near to the self-similar solutions for a strongly disper-

sive nonlinear wave equation is investigated. The Cauchy problem is

considered and global well-posedness is investigated.
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