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Actuality and motivation of the topic

Nonlinear equations are of great importance, because of their important
role in nonlinear mathematical physics. In 1895, Korteweg and de Vries

made a mathematical deduction of the equation (known as the Korteweg-
de Vries equation) (KdV)

which describes wave propagation in shallow water and proves the exis-
tence of a solitary wave.

The travelling wave solutions have constant form, which is a conse-
quence of the balance between the dispersion (u,,,) and the nonlinear

part (uu,). These solutions are of the form

u(t,z) = f(z — ) 2)

where c is the wave propagation speed.
In the last years, another nonlinear equation has been the subject of

research interests by many authors, namely the Camassa-Holm equation
Up — Ugyt + 20U, + 3UlU, = 2UpUgy + Ulyyy - (3)

This equation was first derived as a bi-Hamiltonian generalization of the
Korteweg-de Vries equation [20], and later as a shallow water model [2].
Equation (3) is integrable in the sense of an infinite-dimensional Hamil-
tonian system [5]. The Cauchy problem for the Camassa-Holm equation
is well studied [4, 6, 7, 8, 25]. The existence of appropriate conservation
laws, that are received, being used the bi-Hamiltonian structure of the
equation and the corresponding isospectral problem, leads to global so-

lutions. The Camassa-Holm equation has both classical solutions, that
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are global and solutions, that are singular. The interesting thing in this
case is, that these singularities are from the type of so-called blow-up in
finite time, i.e. the solution remains bounded, but the derivative becomes
unbounded for a finite time. For w = 0, the solitary wave solutions are
of the form

u(t,x) = cp(x — ct),

7l Because of their type, these solutions are called

where p(x) = e~
peakons. Moreover, they are both solitons and are stable [10].

For w # 0, the solitary wave solutions are smooth and orbitally stable
9].

Another interesting fact concerning the equation of Camassa-Holm,
is that it is an equation of a geodesic line in the orientation preserving
group diffeomorphisms on the unit circle.

In 2001, Dullin, Gottwald and Holm derived the following model for

waves in shallow water (generalized Dullin-Gottwald-Holm equation):
Up — Uy + 2wy 43Uy + Vlgre = O (QUpllyy + Ullgyy).  (4)

The Cauchy problem for equation (4) is investigated, both in the periodic
and non-periodic cases.

In |16, 17] the following shallow water model is derived (b-equation):
Ut — P Uppy + Cotip + (b4 Dutty + Dgrr = & (Bglyy + Utlyey).  (5)

The solutions of the b-equation at ¢ = I' = 0 are investigated for different
values of b in [21, 22|, where b is taken as bifurcation parameter. The
b-equation for ¢y = I' = 0 admits peakon solutions, for all b € R, [13, 21,
22).

If « =0 and b = 2, then the b-equation becomes the well-known

Korteweg-de Vries equation.



If b= 2 and I' = 0, the b-equation becomes the Camassa-Holm equa-
tion.

If b =3 and ¢y = I' = 0 in the b-equation, becomes of the Degasperis-
Procesi equation [14]. The Korteweg-de Vries equation, the Camassa-
Holm equation and the Degasperis-Procesi equation are just three in-
tegrable equations in the b-equation, which is shown in [13, 14]. The
formal integrability of the Degasperis-Procesi equation is obtained in
[12], by constructing the Lax pairs. It has a bi-Hamiltonian structure
with countless many conservation laws and has solutions of the type of
peakones.

The Degasperis-Procesi equation can be considered as a shallow water
model |16, 17].

The Cauchy problem for the equation of Degasperis-Procesi has been
studied recently. The problem is well-posed [31] for the initial value
u € H*(R), s > % Similar to the Camassa-Holm equation, the De-
gasperis—Procesi equation has, as global solutions, [18, 28, 30] as solu-
tions, that blow-up in finite time [18, 28, 30, 31].

In [11] the following equation (hyperelastic rod equation) is derived:
Up — Ugzr + Coly + Uty = V(2UplUpy + Ulyry), (£,7) ERT X R, (6)

as a model for nonlinear waves in a cylindrical hyperelastic rod. The

Cauchy problem for equation (6) is investigated in [1, 23, 33, 36].



Notations

LP(2) - the space of all measurable functions, 1 < p < oo, for which

1 fllz» = UQ f(af)lpdwr < 00;

L>(Q) - the space of essentially bounded, measurable functions f with

norm

[fllo = inf sup [f(z)[;

m(e)=0 xeM\e

I-|ls (s >0) - Sobolev norm;

£l = ( [a+ 62)3f(€)|2d§>;,

where f is the Fourier transform, and in the case of a periodic function

112 =D (L4 (R F(R) P

keZ

(.,.)s - inner product in the Sobolev space H*(£2), in particular (.,.)g
means inner product in L?(Q);

L(X,Y) - the space of bounded linear operators from X in Y

G(X,1,8) — the space of linear operators generating Cy—semigroup,
with the property || e ™4 ||Lx)< €

[A, Bl = AB — BA - the commutator of two operators;

| - |lL2 - norm in the space L?(R)

I

+ — the convolution of f(z) with g(z) ((f*g)(z) = [ f( g(y)dy)

g - norm in the space H*(R)



Purpose of the dissertation

The present dissertation is dedicated to the Cauchy problem for equa-
tions, generalizing the equation of Camassa-Holm and in particular the
generalized equation of Dullin-Gottwald-Holm, the b-equation and the
hyperelastic rod equation.

The purposes, that are set in the presented work are reduced to:

1. An investigated of the Cauchy problem for relevant models.

2. Finding initial conditions for the generalized Dullin-Gottwald-Holm
equation and the b-equation, where the solutions blow-up in finite time.

3. Construct an explicit singular solution for the b-equation and the
hyperelastic rod equation, and study the stable behavior of the solutions,
around the explicit singular solution.

4. Construction of self-similar solutions, study of the dynamical be-
havior of solutions, around self-similar solutions and study of global
well-posedness for the generalized Dullin-Gottwald-Holm equation with

strongly dispersive term.

Structure and volume of the dissertation

The dissertation consists of four chapters, each of which is divided into
paragraphs. The numbering of the formulas in the text is two-digit, with
the first digit corresponding to the chapter number. Finally is attached:
a bibliography, covering 54 literary sources, a list of 5 articles by the
author and 2 citations.

The first chapter of the dissertation examines the generalized Dullin-
Gottwald-Holm equation. In the first paragraph, Cauchy’s problem is

discussed. In the second paragraph, the question is addressed: Under
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what initial conditions of solutions blow-up in finite time? In paragraph
3, conditions are found for the initial data, where the corresponding so-
lutions are global.

In the second chapter, the b-equation is considered. In paragraph 1,
conditions are found for the initial data and the bifurcation parameter
b > 2, under which the solutions blow-up in finite time. In paragraph 2,
the solutions u(t, ) with initial condition uy with compactly supported
are described.

In Chapter 3, the b-equation and the hyperelastic rod equation are
discussed. In Section 1, an explicit singular solution is constructed, and
in Section 2, the stable behavior of solutions around the explicit singu-
lar solution for the b-equation is investigated. In Section 3, an explicit
singular solution is constructed, and in Section 4, the stable behavior of
solutions around the explicit singular solution for the hyperelastic rod
equation is investigated.

In the fourth chapter a strongly dispersive nonlinear wave equation is
considered, which is a version of the generalized Dullin-Gottwald-Holm
equation. In paragraph 1, the self-similar solutions are constructed. In
Section 2, the dynamical behavior of solutions, near to self-similar so-
lutions is investigated, the Cauchy problem is considered, and global

well-posedness is investigated.



Chapter 1

Generalized Dullin-Gottwald-Holm equation

In the first chapter we consider equations, generalizing the equation of
Camassa Holm. Existence, singularity and continuous dependence of the
initial conditions are the main problems, with which we will concerned in
this chapter with these equations. The first problem that we will consider,
is: Under what initial conditions do we have local solutions? After solving
the problem of local solutions, the next question, that emerges, is: Are
these solutions global? If the solutions exist only for a finite time, then
the question is: Why? One of the reasons, in the shallow water theory,
for the appearance of singular solutions, is the "wave breaking" effect of
solutions for finite time, i.e. solutions remain bounded, but the derivative
of these solutions becomes unbounded in finite time. To answer the
first question we will use Kato’s theory (|24]) for quasi-linear evolution

equations. We are looking at the abstract quasi-linear equation

d
d_: + A = f(v) , t>0, v(0)= . (1.1)
Let X and Y are real Hilbert spaces with norms || - ||x and || - ||y,

respectively. Assume that Y is continuously and densely embedded in
X,and ) : Y — X be a topological isomorphism. In examining the

Cauchy problem for the above abstract quasi-linear equation, in Kato’s
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theory, essential are the following conditions, imposed on the operator
and the nonlinear part:

(H1) A(y) € L(Y, X) fory € X, A(y) € G(X, 1,5) and for any R > 0
there exists pq, such that

1(A(y) = A2))wllx < mlly = 2l x][wl]ly

for all y, z,w € Y with |lylly < R, ||z|]ly < R.
(H2) QA(y)Q ' = A(y) + B(y), where B(y) € L(X) is bounded
uniformly for ||y||y, and for any R > 0, there exists po, such that

1(B(y) = B(2))wllx < pally = 2[lv|lw]lx

fory,z € Y, w e X with |ly|ly <R, ||#||, < R.
(H3) f: Y — X and extends also to a map from X in X and there
exists ug, f4, such that

F () = FEly < pslly — =]y,

1F (W) = F)lx < pally — 2llx

for all y,z € Y with ||y|ly < R, ||z||ly < R.
Under the above conditions Kato shows that the Cauchy problem (1.1)

has local solutions.

Theorem 1. [2/] Assume(H1)-(H3). Then for any R > 0, there exist
T >0, such that for any vo € Y with ||vo|ly < R, there exists a unique
solution v of (1.1) with

ve C(0,7;Y)n ([0, T]; X).

Moreover, the map vy — v(-,vg) is continuous from'Y to C([0,T];Y) N
C'([0,T7; X).
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We consider the equation
Up — Py + 20y + (9(1) e + Vhger = 0 (2Upllpy + Utlyey).  (1.2)

After several transformations, equation (1.2) can be written in the

form

ur+ (u — l) U, = —0,(1—a?0?) ! [g(u) Ly <l + 2w> u + %ui] :

We put
y
Au) = (u — ¥> O,
2 a? 2 7
Y=HX=H"1landQ=A=(1- 6%)%. @ is a isomorphism of H*

onto H5 1,

Fu) = —0,(1 — o?32)"" [g<u> S (L r2w)u O‘—u] |

Thus, equation (1.2) can be written in the form

ur + A(w)u = f(u).

1.1 Cauchy problem

Using Kato’s theory, the following main result in this paragraph is ob-

tained, which shows that the Cauchy problem has local solutions:

Theorem 2. Assume that g € C"™3(R), m > 2 and g(0) = 0. Given

uy € H?, % < s < m, there exists a marimal T > 0 and a unique

solution u to equation(1.2), such that
u=u(.,up) € C([0,T); H)n C*([0,T); H*1).
Moreover, the solution depends continuously on the initial data.
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1.2 Singular solutions

In this paragraph we seek an answer to the following question: At what

initial conditions ug(z), solutions of the equation (1.2) for g(u) = 3u?,

blow-up in finite time? In this case the equation is

Uy — 0P Uy + 2wy + Uty + Vgre = O (2UpUpy + Ullyyy)- (1.4)

The above equation is integrable [3, 29] and he Cauchy problem is well
posed for initial conditions ug(z) € H*, s > 3 [32].
The first main result shows that the equation has a solution, whose

Sobolev norm blow-up in finite time.

Theorem 3. Let ug € H?, such that

/u%x(x)daz <0
R

and

2 1 5
3 1 12 ~y maz{l, =} 2
3 3 3 ‘o
(/R qud:L) > Twzmax{l, ?} E(u) -I-@ | 2w—|—¥ | (#E(uo) :

Then the corresponding solution to (1.4) blow-up in finite time.

The next main result shows, that the solutions remain bounded, while

the derivative becomes unbounded in finite time.

Theorem 4. Let o« > 0, ug € H®, s > % and the solution u = u(.,ug) is

uniformly bounded. The solution blow-up in finite time T" < 400 if and
only if

lim inf (inf[u, (¢, z)]) = —oc.

The next two results in this paragraph show, that the solution blow-up

in finite time.
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Theorem 5. Given uy € H'(S), r > 3 and assume that we can find
Ty € S with

Ué(xo) < _67
where 8 = é[(52 +4 | 2w+ 5 | 5]% and 6 =]| fSuo(a:)dx | +#EE(UO)%'

Then the corresponding solution to equation (1.4) blow-up in finite time.

Theorem 6. Let 2w + 5 =0, a > oy, ag € (0,1).Assume that initial
data vy € H?(S) is such that [suo(z)dz = 0. Then the corresponding
solution of (1.4) blow-up in finite time.

1.3 Global solutions

In this paragraph, it is shown that there exist global solutions of (1.4).

The main result is the following theorem:

Theorem 7. Let ug € H'(S), r > 3 and yo +w + 55 don’t change your
sign. Then the solution of (1.4) is a global.

14



Chapter 2

Generalized nonlinear b-equation

In this chapter we consider the equation

U — QUpzy + Cotiy + (0 + Dutty + Ttgre = @2 (DUplipe + Ullzry)

u(0,z) = ug(x), z€R
(2.1)

204, the equation

where cg, b, I', a are arbitrary constants. For y = u—a

(2.1) is written in the form

Yr + coty + uys + by + Tugrr = 0
(2.2)

u(0,z) = ug(x).
The Cauchy problem for equation (2.1) was studied in [19]. For the
bifurcation parameter b > 3, and on the some conditions on the initial

data it is shown that corresponding solutions blow-up in finite time. We

extend this result to b > 2, by using the ideas of 35].
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2.1 Blow-up of solutions

We consider the differential equation

qt = U(t,Q) - %7 te [OaT)a

(2.3)
q(0,r) =z, v €R,
After differentiating equation (2.3) by x, we get
%Qx = (Qxt = ux(t; Q)Qxa t e [0;T>;
(2.4)

7.(0,z) =1, =z €R.

The solution of equation (2.4) is

q:(t,x) = exp (/Ot ux(s,q(s,x))ds> , (t,x) €0, T) xR (2.5)

and
y(t, q(t, )| (t, 2))" = yo(x). (2.6)

The main result in this paragraph is:

Theorem 8. Let b > 2 and co = I' = 0. Suppose that uy € H*(R) and
there exists 1o € R, such that yo(zo) = (1 — &?9?)ug(xy) = 0, and

yo(x) >0 for x € (—o00,x9) and yo(x) <0 for x € (xg,00).

Then the corresponding solution u(t, x) of equation (2.1) blow-up in finite

time with lifespan

. 9.2
T < maz { 2 20U, () }

uoa(20) " a®ug, (x0) — ug(2o)
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2.2 Solutions with compact support

In this paragraph, the solutions w(¢,x) with initial condition wuy with
compactly supported are described.

The main theorem of this part is as follows:

Theorem 9. Let 0 < b < 3 and ¢y + % = 0. Assume that the initial da-
tum ug € H*(R) is compactly supported in [c,d]. Then the corresponding
solution of (2.1) has the following property: for 0 <t < T':

u(t,z) = L(t)e o as = > q(t,d)
and
u(t,z) = I(t)e as x < q(t,c)

with L(t) > 0 and I(t) < 0 respectively, where q(t,x) is defined by (2.3)
and T is its lifespan. Furthemore, L(t) and l(t) denote continuousnon-
vanishing functions, with L(t) > 0 and I(t) < O for t € (0,7]. And
L(t) is a strictly increasing function, while l(t) is a strictly decreasing

function.
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Chapter 3

Stability of generalized nonlinear b-equation and hyperelastic

rod equation

In this chapter, the b-equation

ut—azutm+coux+(b+1)uux+Fumx = ozZ(buxum—l—uumx), (t,r) € R" xR
(3.1)

and the following hyperelastic rod equation
Uy — Upge + CoUy + Uty = Y(2Uplyy + Ulyey), () € RT x R, (3.2)

are considered.
Explicit singular solutions are constructed and the stable behavior
of the solutions around the explicit singular solutions is investigated for

equations (3.1) and (3.2).
3.1 Singular solution for the b-equation
In this paragraph we seek the solutions of equation (3.1) in the form

u(t, ) = ZAi(t)xi. (3.3)

The main result in this paragraph gives us the explicit singular solution

of equation (3.1):
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Theorem 10. Let T > 0 be the maximal existence time of the solution.

Then the equation (3.1) has an explicit singular solution as follows:

_ 1 x 1

3.2 Dynamical stability around the singular solution

to the b-equation

In this paragraph, we consider stability of the explicit solution for equa-
tion (3.1), constructed in Theorem 10. Let the solution of equation (3.1)

be a perturbation around the explicit solution, that is
u(t,x) = v(t,2) + (), (3.5)

where U(t, ) = — 57 (co+ 75 + 7 1s the explicit solution, constructed
in Theorem 10.
Substituting(3.5) into (3.1), we get a dissipative quasilinear equation

with singular coefficients as follows:

) 2
v — 0PV + [F + 157 (0 + 75 + ﬁ)} Uras + LT Ve

— (75 + 73) v — pv + (0 Dow

= a?(bvgVpe + VUs), Y(t,z) € (0,T) x R
(3.6)

with the initial condition

1 r 1
v(0, ) = vo(x) = up(x) + b1 <C() + T + T) , Vo eR.

In order to deal with the singular time coefficients, we introduce the
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following coordinate system with parameter T
T

= —In(T —t = : 3.7

= (T 1), p= (3.7)

Then the solution v has the form of v(¢, x) = (7, p). A direct calculation

shows that
vy (t, ) = €T, v(t,x) =€ (¢Yr + py,),

Umx(ta .%’) = 62T¢pp7 Utm(ta J)) = 62T(¢7p + ¢p + P%p),

Vg (t, T) = €3T¢pppa Vi (t, ) = e’ (Vrpp + 2000 + PV ppp)-
Thus (3.6) becomes to

b+2)a? 2 b 2
R ( b+)1 Ty + €7 (F + 5%1(%0 —3p) + boi_167> Vopp

—+ O+ DYy, — e, = a2€27(b¢p¢pp + Vhppp)-
(3.8)

Let k= e "p and v(T, k) = e "(7, p). Then

_ T - . 5 _ T _ 2
Vr =0+ €V — pU, VY, =k, Vpp =€ Ukk, Vppp =€ ~ Ukki,

wrp = Urk — kﬁkka prP - G_T(@Tkk — Ukk — k@kkk)'

Thus (3.8) can be rewritten as

— _ 2 _ _ 2 i
Vr — CEQUTkk — b(j_—lvk;k; +e 7 |I'+ bcj_—l(CQ + ke” + 6T)} Vikkk

—(k + 1)Uk + (b + 1)vvg, = (DU Ukk + D0kxr)-

Let the operator A = (1 —oﬂakk)%. Since 1 —a?0); admits a fundamental

solution



we have A2 = p(k) x 0 for all ¥ € L2 Let w(r,k) = v(r, k) —
a®vy, (7, k), then ©(7,k) = p x w, where k& € R. Furthermore, note
that

(p*wr = a X (prw—w), Tp=prw), U= ((p*w), —wy),
then (3.8) can be rewritten as

wr + b%lw —e T[54 [h%l(co + ek +e)]| wy — Ih%l(p * W)
aQ

e [t gl ek +en)] = (k+ 1D} (prw+ b+ 1)(p*w)(p*w)y

= bp*xw)(p*w —w) + (p*w)[(p*w) — wy]

(3.9)
with the initial data
w(0,k) = wy(k) = Yo(k) — (0, k)
(3.10)
= up(z) — *uf(z) + 717 (% + 7 + <o)
and the boundary conditions
lim w(r, k) =0, lim wg(r, k) =0. (3.11)

|k| =00 |k| =400

The main result in this paragraph is:

Theorem 11. Let s > 2, a # 0, b > —1 and 0 be a sufficiently small
constant. Then the explicit solution (3.4) of equation (3.1) is asymptotic

stable, i.e., if the initial data uo(x) satisfies

luo(-) —u(0, )]

then there is a solution u(t,x) of (3.1), satisfying

o+ (R) < 0,

li t) — Tt -
Jim u(t,-) —a(t, )|

ww =0, (t,x) € (0,T)xR.

21



3.3 Singular solution of hyperelastic rod equation

In this paragraph we seek the solutions of equation (3.2) in the form

u(t, ) = ZAi(t)xi. (3.12)

The main result in this paragraph gives us the explicit singular solution

of equation (3.2).

Theorem 12. Let T > 0 be the maximal existence time of the solution.

Then the equation (3.2) has an explicit singular solution as follows:

1 1
a(t,z) = —3 <c0 + Tm + = t) . (3.13)

—1

3.4 Dynamical stability around the singular solution

to the hyperelastic rod equation

In this paragraph, we consider stability of the explicit solution for equa-
tion (3.2), constructed in Theorem 12. Let the solution of equation (3.2)

be a perturbation around the explicit solution, that is
u(t,z) =v(t,z) +u(t, x), (3.14)

where U(t, z) = —3(co + 75 + 7) is the explicit solution, constructed
in Theorem 12.

Substituting (3.14) into (3.2), we get a dissipative quasilinear equation
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with singular coefficients as follows:

Ut — Utz + % (CO + % + ﬁ) Vpgx + %Um:
= (75 753) Ve = 7v o+ Bvus (3.15)

= Y(20Vpp + VUa), Y(t,x) € (0,T) xR

with the initial condition

1 r 1
v(0, ) = vo(x) = up(x) + 3 <co tot ?) , Vr eR.

In order to deal with the singular time coefficients, we introduce the

following coordinate system with parameter T

T=—In(T—-1t), p= (3.16)

Then the solution v has the form of v(¢, x) = (7, p). A direct calculation
shows that

Uw(ta x) — 6T¢p, Ut(ta .’L‘) = eT(@bT + p¢p)7
U:m(ta x) = €2T¢ppn vtw(ta x) - 62T(¢Tp + wp + pwpp)a

Vpaa(t, T) = egT@bppp’ Ve (L, ) = BSTWTW + 29 + PVppp)-
Thus (3.15) becomes to

T 2(y—3 T T C -3 T
(b — e, + (73 ) o2 oy + €2 (7 0+(37 o | Ze )wppp

(3.17)

— + 3U1h, — €Y, = 7627(2¢p¢pp + Yppp)-
Let k= e "pand v(7, k) = e "(7, p). Then

e _ - e _ o
Yy = €0+ eV, — puy, % = Ug, 7#pp = e U, wppp = e T Ukkk,

pr = Ur, — KUkg;, 7ﬂTp,O - eiT(@Tkk — Ugk — k@kkk’)'

23



Thus (3.17) can be rewritten as

_ _ 9y 3 _ _
Ur — Urkk + =50k + €773 (co + ke™ + 7)) Vg

—(k + 1>@k; + 3vv = ’7(2@@@]@]@ + mkkk)

Let the operator A = (1 — 8kk)%. Since 1 — 0y, admits a fundamental
solution

1
p(k) - §e|k|a
we have A20 = p(k) xv for all v € L2 Let w(r, k) = (7, k) — 0 (7, k),

then (7, k) = p * w, where k € R. Furthermore, note that
(P*w)gr =p*xw —w, Vg = (p*wW), Uk = (p*w)g — Wy,
then (3.17) can be rewritten as
27-3 2

wy — 2w — e T3 (co + €Tk + e )wy + 7773(]0 * W)

+{eTLco+ek+e)—(k+1)} (pxw)+3p*w)(p*w)

= 2y(p* wi(pxw —w) +7(pxw)[(p+ w)i — wy]

(3.18)
with the initial data
w(0,k) = wo(k) = o(k) — vrr(0, k)
(3.19)
= up(z) —uj(z) + 5 (£ + 7 + o)
and the boundary conditions
lim w(r, k) =0, lim wg(7, k) =0. (3.20)

|| —-+o0 |k|——+o00

The main result in this paragraph is:
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Theorem 13. Let s > 2, v < 2 and 6 be a sufficiently small constant.
Then the explicit solution (3.13) of equation (3.2) is asymptotic stable,

i.e., if the initial data ug(x) satisfies

luo(-) —u(0, )]

H+ (R) < 0,
then there is a solution u(t,x) of (3.2), satisfying

li t) —a(t. -
Jim u(t, ) —u(t,-)|

mmr) =0, (t,z)€ (0,T) xR.
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Chapter 4

Strong dispersive Dullin-Gottwald-Holm equation

In this chapter we consider the following strong dispersive nonlinear wave

equation:

Uy — 0P U+ 2k 4 30ty + Y (U — 0P U ) prr = O (U Uy F Uy ) - (4.1)

Equation (4.1) is a version of the following well-known generalization of

the Dullin-Gottwald-Holm equation [15]
Up — Uy + 20Uy + 3Uty + Vlgrr = 02 (2Uplyy + Ullyyy ). (4.2)

Equation (4.2) is dedrived in [15] as a model for shallow water waves.
The Cauchy problem for the equation Dullin-Gottwald-Holm in both
periodic and non periodic case was studied in [27, 29, 34|. For (4.2) the
problem of the asymptotic stability of self-similar solution was considered
in [26]. The authors construct explicit self-similar solutions and consider
the dynamical behavior of the solutions near to the self-similar solutions.
Moreover the asymptotic stability also was considered.

We construct the explicit self-similar solutions and to consider dynam-
ical behavior of the solutions, near to the self-similar solutions. Moreover,
we consider the Cauchy problem and to investigate global well posedness

for equation (4.1).
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4.1 Self-similar solutions

In this paragraph are constructed the self-similar solutions for equation
(4.1). Let T be a positive constant. We introduce the similarity coordi-
nates:

7 =—log(T —1), p=

—, (4.3)

and let

x
u(t,x) = ¢ (—lOg(T — 1), s t) :
Direct computation gives that
ui(t, z) = €7 (o7 + pop), ualt, z) = € ),
U (T, T) = €2T¢pp7 Utgr = 637(¢7'/)P + 2¢pp + PPppp);
Uy (E, ) = €3T¢pppv Uggzza(t, T) = 657¢ppppp-
Thus equation (4.1) is transformed into an one dimensional quasilinear

equation

Or + (p+ 2k +30)0, — 2 (drpp + 20y + PBppp)

(4.4)
+7e* (¢ — 0‘2627¢pp)ppp = 042627(2%@/) + OPppp)-
The steady equation of quasilinear equation (4.4) is
(p+ 2k + 3¢)6, = 0. (4.5)
Equation (4.5) has a non-trivial solution
1
o(p) = —z(p+ 2k). (4.6)

3

Consequently, the equation (4.1) admits an explicit self-similar solution

u(t,z) = —% (T“"_ -+ Qk) | (4.7)
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4.2 Dynamical behavior

Consider the perturbation of the form
u(t,x) =v(t,z) +ut, ), (4.8)

where u(t,z) = —3 (7% + 2k) is the explicit self-similar solution from
(4.7) of equation (4.1).
Substituting (4.8) into (4.1), we obtain the following dissipative quasi-

linear equation with singular coefficients:

U — 0PV — YO Vppran + (7 + %2 (Ti_t + 2k)) Uy

+3(2Toft)vm — 75 — 7V (49)

= ?(20Vp + VVUzy) — 300y, Y(t,z) € (0,T) X R,

with the initial data v(0,z) = vo(z) = ue(z) + 5 (£ + 2k) .
In the similarity coordinates (4.3), equation (4.9) can be rewritten as

follows

vr — a?eMury, — %G%UW +e” ('V + %(k - P)) Yppp
(4.10)

24,41 _ 2,27

We introduce the transformation (7, pg) = e "v(T, p), with py := e 7p,

to reduce equation (4.10) into

9 a2 20/

_ _ _ _ 9_ _
Ur — Q0 Urpypy — ?UPOPO +e7 (V(U - UPOPO)POPOPO + ?(k - p)vﬂopopo)

2 — — 90— — —_
Q7 PV popopy T (30 — PO)Upo = (QUpoUpopo +0 Upopopo)-
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Note the operator 1—a?d,,,, has a fundamental solution p(x) = %e_‘%o'.
We can denote the operator (1 — 0428,00,00)% by A, then A=2T = p(pg) *U
for all v € L2,
Let w(T, po) = (T, po) — &V, (T, po), then it holds v(7, pg) = p *
w, where py € R. Furthermore, equation (4.10) can be rewritten as a

dissipative non-local equation

1 —7 [ 2k+€" pgy —T 1
3 ( 3 Wp, + e Wpopopo — §(p * w)

de T (M) (p*w), +3(p*w)(p*w),, (4.11)

= 2(px w)p(px w —w) + (prw)((p*+ w)p, — wp,)
with the initial data
w(0, po) == wo(po) = vo(po) — 042%0;)0(0, )
(4.12)
= ug(z) — a*up(x) + 3 (£ + 2k)

and the boundary conditions

lim w(r,po) =0, lm w,/(7,po) =0. (4.13)

o —+00 |po| =00
Here we use (p* w) p, = @ 2(p* w — w).
The term 3w is a dissipative term in equation (4.11). This term can
make us to get a good priori estimate on the solution for equation (4.11).

The main result in this paragraph is:

Theorem 14. Let s > 4 be an integer. The nonlinear equation (4.10)
with initial data (4.12) and boundary conditions (4.13) has a global so-
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lution v(T, p) € H*. Moreover, if the initial data ||vy|

ms+1 < O for suffi-
ciently small 6 > 0, then

e < Coe ™.

0]
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Contributions

The dissertation examines the Cauchy problem for equations, general-
izing the Camassa-Holm equation and, in particular, the generalized
Dullin-Gottwald-Holm equation, the b-equation and the hyperelastic rod
equation.

The Cauchy problem for the generalized Dullin-Gottwald-Holm equa-
tion is investigated. Initial data conditions, where the solutions blow-up
in finite time and initial data conditions, where the solutions are global,
are found.

Initial data conditions have been found for the b-equation and im-
proved results for the bifurcation parameter b, where the solutions blow-
up in finite time. Solutions with an initial condition with a compactly
supported are described.

Explicit singular solutions are constructed and the stable behavior of
the solutions around the explicit singular solutions for the b-equation and
the hyperelastic rod equation is investigated.

The self-similar solutions are constructed and the dynamical behavior
of the solutions near to the self-similar solutions for a strongly disper-
sive nonlinear wave equation is investigated. The Cauchy problem is

considered and global well-posedness is investigated.
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