OPINION

by Prof. Dr. Vejdi Ismailov Hasanov,
Konstantin Preslavsky University of Shumen

on dissertation ,Blow-up of the solutions of nonlinear equations”
of Mehmed Ibrahim Kodzha
for awarding the educational and scientific degree “Doctor”

in the professional field 4.5 “Mathematics”,
doctoral program ,Mathematical Analysis”

By Order No. RD-16-023 of 20.02.2024 of the Rector of the Konstantin
Preslavsky University of Shumen (ShU), | am included in the composition of the
scientific jury for evaluation of the dissertation work of Mehmed Ibrahim Kodzha. At
the first meeting of the scientific jury, held on February 28, 2024, | was appointed to
prepare an opinion.

| was presented with a set of documents, including: an application, a resume
and a declaration of authorship of the applicant; copies of the crediting and deducting
orders with the right of protection; list and copies of publications on the dissertation
work; dissertation work; abstract; references for contributions and for meeting the
minimum national requirement

1. Brief biographical data

Mehmed Kodzha completed his secondary education in 2004 at the
Professional High School of Economics, Razgrad. In the period from 2004 to 2011,
he studied at the ShU, successively completing the specialty "Mathematics®, the
degree "bachelor" and the master's program "Mathematical Analysis". From 2016 to
2018, he completed a second master's degree at the ShU with the qualification
"mathematics teacher".

Mehmed Kodzha was enrolled in full-time doctoral studies in July 2019 at the
SHU and is studying in the doctoral program "Mathematical Analysis" under the
supervision of Prof. MD. Sevdzhan Hakkaev. He was dismissed with the right of
defense on 01.07.2023.

Mehmed Kodzha started his working career in 2011 at ShU, as a Senior
Assistant and later as a Chief Assistant Professor. He was previously selected as a
part-time assistant. Since 2012, he has been a monitoring center operator at Telepol
EOOD. Since 2018, he has been a mathematics teacher at Professional high school
of chemical technology and design "Prof. Dr. Asen Zlatarov", Novi Pazar, from 2020



at SS "Sava Dobroplodni", Shumen and from 2023 to now at Professional nature and
mathematics high school "Nancho Popovich", Shumen.

2. General description of the dissertation and scientific contributions

The presented dissertation has a total volume of 105 pages, divided into an
introduction, 4 chapters, bibliography with 54 sources and 2 appendices (list of the
author's publications and list of citations).

The dissertation is devoted to nonlinear differential equations, which are
generalizations of the Camassa — Holm equation. The considered equations, in the
literature, are known as the generalized Dullin — Gottwald — Holm equation, the b-
equation (b — family of equations) and the hyperelastic rod equation. The previously
introduced and well-known Korteweg — de Viies equation, the Camassa — Holm
equation, and generalizations have applicatioris in describing wave propagation in
shallow water.

In the introduction of the dissertation, a bibliographic reference is made on the
state of the problem, the purpose of the research is formulated, a brief description of
the content is made, and at the end a list of the notations used is given.

In the first chapter, the Cauchy problem for the generalized Dullin — Gottwald
— Holm equation:

ut - azutxx + 2Wux + (g (u]')x + yuxxx = az(zuxuxx + uuxxx) (1)

with initial condition 1(0, x) = u,(x) is considered. At the beginning of the chapter,
the problems to be solved for the given task are formulated, the conditions under
which Kato's theory of quasi-linear equations is applicable and the derivation of the
considered equation as quasi-linear are described. In the first paragraph, the
conditions for the applicability of Kato's theory for the given task are checked and a
theorem (Theorem 2, p. 20) for the existence and unigqueness of a local solution with
certain conditions is proved. In the second and third paragraphs, the problem is

investigated for g(u) = %uz. Conditions are found for uy(x) under which the solution

"blow-up" in finite time and conditions under which the solution is global. The results
of this chapter are published in paper No 1.
A second chapter is devoted to the Cauchy problem for the b-equation:

u‘t - azutxx + Coux + (b + 1)uux + yuxxx = az(buxuxx + uuxxx) (2)

with initial condition u(0,x) = uy,(x). Equation (2) can be seen as a family of

equations concerning the parameter b, which includes equation (1) with g(u) = %uz

for b = 2. Investigations of the equation (2) problem are focused on the case of b >
2. In the first paragraph, conditions on the initial condition w,(x) such that the solution
bursts in a finite time T, as well as an estimate for T (Theorem 8, p. 38) are obtained.



In the second paragraph, the properties of the: solutions under the initial condition
u,(x) with a compactly support are described (Theorem 9, p. 42). The results of this
chapter are published in paper No 2.

In the third chapter, together with the b-equation (2), a hyperelastic rod
equation:

Up — Upyy T Coly + 3uux == V(Zuxuxx + uuxxx) (3)

is also studied. Explicit singular solutions have been constructed for both equations
and the stable behavior of the solutions around the corresponding singular solutions
has been investigated.

The last fourth chapter is devoted to the equation

Up = Uy + 2Wly + 3Ully, + Y (U — O2 Uy grxe = A2 QRUy Uy + Ullyyy), (4)

which is known as the strict Dullin — Gottwald — Holm dispersive equation. Seif-similar
solutions were constructed for equation (4) and the dynamic behavior of solutions
close to self-similar were studied. The results are published in papers No 3 and No 4.

The scientific contributions formulated by Mehmed Kodzha, in the presented
reference, correctly reflect the results obtained in the dissertation work. | believe that
the contributions have a scientific-theoretical nature.

3. Publications on the dissertation and evaluation of the personal
contribution of the candidate

Four publications are presented on the dissertation work. All publications are
in English. Regarding the type and place of publication, the papers are: one in a
refereed and indexed journal in the Scopus database, one in a yearbook of the
Shumen University and 2 in proceedlings of the MATTECH scientific conference.

All 4 papers by Mehmed Kodzha are independent and | have no reason to
doubt that his contribution to them is personal. Furthermore, | have not found any
plagiarism in the submitted publications.

The minimum national requirements uncler the LDASRB and the Regulations
for the application of LDASRB for obtaining the educational and scientific degree
"Doctor" in the professional field 4.5 Mathematics have been met.

4. Reflection of the candidate's scientific publications in the literature

According to Google scholar, article No 2 has been cited in two publications by
foreign authors, one of which is in a refereed and indexed journal with a high impact
factor.

Part of the results in the dissertation were presented at 2 conferences with
international participation and at the scientific seminar on Mathematics at the FMI of
Shu.



5. Critical remarks

The publications on the dissertation work are not included in the bibliography
and accordingly are not cited in the text. This makes it difficult for the reader to judge
how much of the thesis has been published and which results are new.

Following are some of the technical notes:

- There are different notations for the same thing, for example L? and IL.?;

- Regardless of the fact that a list of notations is presented, there are also

those for which the author relied on the reader to imply them, for example

Qin LP(Q), L(X), etc.;

- The bibliography includes literary sources that are not cited, for example
[6,10, 27, 33];

- On page 11, in condition (H1), y € X should be y €Y, and [lw/||,, should
be |lwlly;

- On page 15, line 3 from bottom, A 4+ A should be 4 + AI;

- On page 16, line 1 from bottom, Az + A” should be Az + A% z;

- On page 17, line 4, (Az,z) + (z, Az) should be (1z,2), + (z, A"z),.

| note that the indicated inaccuracies and notes do not detract from the results

achieved in the dissertation work.

Conclusions:

Having in mind the above, | give a positive assessment of the presented
dissertation work and | propose to the esteemed scientific jury to award Mehmed
Ibrahim Kodzha the scientific and educational degree "Doctor" in professional field
4.5. Mathematics, doctoral program "Mathematical Analysis".

April 08, 2024 Author of the opinion:.
i

( Prof. Vejdi Hasanov)



