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Abstract
Using a method for extending self-dual codes, applied on optimal binary self-dual codes of length 52 with
an automorphism of type 5 - (102),

we obtain new [54, 27, 10]. There are exactly 1503 inequivalent singly-even

binary self-dual [54, 27, 10] codes with both weight enumerators

Ws 4 ,1

and

W54,2

for

/3

~

20, most of which are

new. We have obtained codes with new value of the parameter in their weight enumerators for the second type

/3 = 25. This brings the open values of the parameter /3 to: /3 = 23, 24, 25 or
and 28 :S: /3 :S: 43 for W54 ,2.

of enumerator. This new values is
27 :S:

/3 :S: 43 for W54 , 1 ;

Index Terms
automorphisms; block codes; extending; self-dual codes; weight enumerator

I. INTRODUCTION

Let lF~ be then-dimensional vector space over the field lFq of q elements. A linear [n, k]q code C is a
k-dimensional subspace of lF~. An element of C is called a codeword. The Hamming weight of a vector
v E lF~ (denoted by wt(v)) is the number of its non-zero coordinates. The minimum weight d of a code C
is the smallest weight among its nonzero codewords. A code with minimum weight dis called an [n, k, d]
code. A generator matrix of a code C is a matrix whose rows form a basis of C. We say that a generator
matrix G is in standard form if G = (hlA), where h denotes the k x k identity matrix.
The weight enumerator W(y) of a code C is given by W(y) =

n

L Aiyi where Ai= I{ v E Clwt(v) =

i=O

i}I.

Two binary codes are called equivalent if one can be obtained from the other by a permutation of
coordinates. The permutation a E Sn is an automorphism of C, if C = a( C) and the set of all
automorphisms of C forms a group called the automorphism group of C, which is denoted by Aut(C) in
this paper.
Let (u, v) E lFq for u, v E ~ be an inner product in lF~. We study binary self-dual codes and when
the base field is lF 2 we have for u = (u 1 , ... , un), v = (v1 , ... , vn) E lF2 the following Euclidean inner
product: (u, v) =

n

L

i=O

uivi E 1F2.
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The dual code of an [n, k] code C is defined as

CJ_=

{u E ~l(u,v) =

0 for all

v EC}.

The dual CJ_ is a linear [n, n - k] code. If C ~ CJ_, C is termed self-orthogonal, and if C = CJ_, C is
self-dual. Every self-dual code C have dimension k = ~. The largest possible minimum weights of singly
even self-dual codes of lengths up to 72 are determined in [6]. It was also shown [10] that the minimum
weight d of a binary self-dual code of length n is bounded by
d 5: {

4L~J + 4, ~f

4L24J

+ 6,

n:

if n

=

22 (mod 24);
22 (mod 24).

(1)

We call a self-dual code meeting this upper bound extremal. A self-dual code is called optimal iff it is
not extremal but has the largest minimum weight for its length. The weight enumerators of the optimal
self-dual codes of lengths from 52 and 54 are known [6] and [l]:
• (52, 26, 10] : There are two possible forms for the weight enumerator
W52,1

and
W52,2

= 1 + 250y 10 + 7980y12 + 42800y 14 + · .. ,

= 1 + (442 - l6,B)y 10 + (6188 + 64,B)y 12 + ... ,

where 0 5: ,B 5: 12, ,B -j. 11.
Codes exist for W52 ,1 and for W52 ,2 for all values of ,B (see [14]) .
• (54, 27, 10] : There are two possible forms for the weight enumerator
W54,1

= 1 + (351 - 8,B)y 10 + (5031 + 24,B)y 12 + ... ,

where 0 5: ,B 5: 43, and
W54,2

= 1 + (351 - 8,B)y 10 + (5543 + 24,B)y 12 + ... ,

where 12 5: ,B 5: 43.
Codes exist for W 54 ,1 when 0 5: ,B 5: 22, ,B
and [12]).

= 26 and for

W 54 ,2

when ,B

=

12, ... , 24, 26, 27 (see [8]

The classification of binary self-dual codes started with a paper from V. Pless [9], were all codes
are classified up to length 20. Since then the classification of self-dual codes has been one of the most
active research topics (see [11], [8]). Recently in [2], Bouyuklieva and Bouyukliev have classified all
binary self-dual [38, 19] codes. Optimal self-dual codes with automorphism of odd prime order is also
extensively studied subject, for example, all such codes are classified: for length 42 in [3] and for length
44 in [4]. Very recently in [5] it was proved that the order of the automorphism group of a binary
self-dual [48, 24, 10] code is: 26 with s ~ O; 2s3t with s, t ~ O; or the group is trivial. Also there, all
binary self-dual [48, 24, 10] codes with an automorphism of odd prime order were classified. In [13] a
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full classification of all [50, 25, 10] codes possessing an automorphism of odd prime order was given. In
[14] a full classification of all optimal binary self-dual [50

+ 2t, 25 + t]

codes having an automorphism
of order 5 for t = 0, ... , 5. As a consequence, also in [14] the weight enumerators for which there is an
optimal binary self-dual [52, 26, 10] code was determined.
Even if the problem of classifying all binary self-dual codes of a given length is not solved (and is
very difficult) for n ~ 40 still an interesting question is what are the possible weight enumerators (or
rather possible values of the parameters in this enumerators) for which there exist a self-dual code. The
first length for which this question is still unsolved is n

= 54. This is the reason we will focus on this

question for binary self-dual [54, 27, 10] codes.

II. CONSTRUCTION METHOD
In this paper, we extend binary self-dual codes of length 52 having an automorphism of order 5 to
self-dual codes of length 54 using a technique due to Harada and Kimura [7].
Theorem 2.1: [7] Let G be a generator matrix of a self-dual code C of length 2n, and let x

=

(x 1 , ... , Xn, Xn+i, ... , x 2n) be a vector in IF~n such that (x, x) = 1, where(,) denotes the Euclidean inner
product. Let Yi = (x, ri) for 1 ::; i ::; n, where ri is the i-th row vector of G. Then the following matrix

1

G' =

(

0

X1

~1 ~1
Yn

Yn

generates a self-dual code C' of length 2n + 2.
Since we will extend [52, 26, 10] binary self-dual codes, i.e. n

= 26 the number of all vectors x =

(x 1 , ... , Xn, Xn+i, ... , x 2n) satisfying the condition of Theorem 2.1 is 251 is too big to be applied even
on one code of length 52. Thus we need the following.
Corollary 2.2: [7] Let S be a subset of the set 1, 2, ... , n such that

ISi is even if 2n

=2(mod 4). Let G = Un IA)

C of length 2n. Suppose that

Xi

= 1 if i

ISi

is odd if 2n

= O(mod 4)

and

be a generator matrix in standard form of a self-dual code

E S and Xi

= 0 if i </.

S and that

Yi

=

Xi

+ 1 for

1 ::; i ::; n.

Then the following matrix:

1

G' =

(

Q

~1 ~1
Yn

X1

. . .

Xn

1

In

Yn

generates a self-dual code C' of length 2n + 2.

III. THE MINIMUM WEIGHT ALGORITHM
We continue with an effective algorithm for computing the minimum weight of a binary self-dual code
with a generator matrix in standard form. Let C be an [n, ~' d], for an even n, binary self-dual code.
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Denote by k = ~- We assume that the generator matrix is in the form G = (hlA), where is a k x k
binary matrix. Since, in general, we need to compute the minimum weight of all codewords in C, that
is we have to find all !Cl = 2k codewords, the problem of computing the minimum weight is effectively
approximated by 0(2k). But self-dual codes are not general codes and have additional properties which
we will explore here, in order to scale down the complexity of the algorithm to finding the minimum

weight of just 2(k + (;) + ··· + (d~ 1 )) codewords.
The main idea of the algorithm is that if an codewords c E C with wt( c) < d then it has either d
nonzero coordinates in the first ~ = k coordinate positions or in the last ~ = k coordinate positions. Thus
we only need to check, at most, the linear combinations of at most d rows of the generator matrix G for
codewords of weight < d. Let 1 $ l $ d is the number of rows we use for linear combinations.
Let the rows are 1 $ ri 1 < ri 1 < · · · < ri 1 $ k. We have linear the combinations

so c = >.t = 1 and
But since the first k coordinates of care composed of all zeroes, except the coordinates i 1 , i 2 , ... , i 1
then the weight of the codewords c is
wt(c) = l

+ wt(clO),

where wt(clO) is the weight of the codeword c in the last k coordinate positions. Thus we only compute
the weight of the linear combination in the columns with numbers k + 1, ... , n and add the number l. A
Borland Delphi 7 .0 program that computes the weights was created.
IV. RESULTS

As a general rule, the more codewords of weight 10 are in the [52, 26, 10] code that we are extending,
the more such words will be in the result code, leading to a higher chance of obtaining codes with higher
values of /3. Since we are interested in obtaining values of /3 ~ 20 we will try to extend the following
codes with automorphism of type 5 - (10, 2) (see [14]):
• 147 codes with weight enumerator W52 ,1;
• 1 code with weight enumerator W52 ,2 for /3 = 10;
• 520 codes with weight enumerator W52 ,2 for /3 = 7.
1) New codes from codes with weight enumerator W52 , 1: If C is one of the 147 [52, 26, 10] code with

weight enumerator W52 ,1 , possessing an automorphism of type 5 - (10, 2) which was constructed in [14].
Extending these codes using Corollary 2.2 we obtain exactly 1434 inequivalent [54, 27, 12] binary self-dual
codes. All of these codes have weight enumerator W54 ,2 for different values of the parameter /3, listed
it Table I. The code with W54 ,2 for f3 = 25 is the first known example of a code with this value of the
parameter. The cardinality of the automorphism groups of the constructed codes are listed in Table II.
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TABLE I

NEW CODES EXTENDED FROM CODES WITH WEIGHT ENUMERATOR Ws2,1

number
1291
103
37
1
1
1

Aw

191
183
175
167
151
135

A12
6023
6047
6071
6095
6143
6191

/3

20
21
22
23
25
27

type
Ws4,2
Ws4,2
Ws4,2
Ws4,2
Ws4,2
Ws4,2

TABLE II

CARDINALITY OF AUT(C) FOR THE CODES OBTAINED FROM CODES WITH Ws2,1

IAut(C)I
number of codes

1
1401

2
1

5
21

10
1

Since the codes with automorphism groups of order 5 and 10 are known from [ 14] all other 1402 codes
are new.

We give the generator matrix G = (J24 IA) of the new code with weight enumerator W54 ,2 for /3 = 25,
where A= 332620031;617107724;656542227;720212740;437175230;570406444;503273370;651632062;
723566661;426607261;564377461;515103661;371643113;214526244;116057120;047223450;023511624;
713330206;752523751;762222036;416361146;610307331;710540074;743217767;776570120;332550146;
360007603. Here every row of A is written in octal (exchange 0 with 000, 1 with 001, ... , 7 with 111)
and all rows are separated by semicolon.

2) New codes from a code with weight enumerator W52 ,2 with /3 = 10: Let C be the unique [52, 26, 10]
code with weight enumerator W52 ,2 with /3 = 10, possessing an automorphism of type 5-(10, 2) which was
constructed in [14]. Extending this code using Corollary 2.2 we obtain exactly 3 inequivalent [54, 27, 12]
binary self-dual codes. All code have weight enumerator W54 ,2 for /3 = 20. Of the 3 codes there is one
with trivial automorphism group and two with IAut( C) I = 10. The code with the trivial automorphism
group is new.
3) New codes from codes with weight enumerator W52 ,2 with /3 = 7: Here C is one of the 520
[52, 26, 10] codes with weight enumerator W52 ,2 for /3 = 7, possessing an automorphism of type 5- (10, 2)
which was constructed in [14]. Using Corollary 2.2 we obtain exactly 66 inequivalent [54, 27, 12] binary
self-dual codes with both weight enumerators W 54 ,1 and W52 ,2 for different values of /3 listed in Table
III. Of the 66 codes there are 61 with trivial automorphism group, two with IAut(C)I = 5 and three with
IAut( C) I = 10. The codes with the trivial automorphism group are new.
Proposition 4.1: Up to equivalence, there exist exactly 1503binary self-dual [54, 27, 10] codes with
W54 ,1 and W54 ,2 for /3 ~ 20, obtained via extending of the binary self-dual [52, 26, 10] with an automorphism of order 5 with W52 ,1 and W52 ,2 for /3 ~ 7.
Open problem: Construct or prove the nonexistence of optimal binary self-dual [54, 27, 10] codes
having an weight distribution:
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TABLE III
NEW CODES EXTENDED FROM CODES WITH WEIGHT ENUMERATOR

number
45
12
5
2
2

A10
191
183
175
175
167

A12

6023
6047
5559
6071
6095

(3
20
21
22
22
23

Ws2,2 FOR (3

=7

type
Ws4,2
Ws4,2
Ws4,1
Ws4,2
Ws4,2

• Ws4,1 for (3 = 23, 24, 25 or 27 ::; (3 ::; 43;
• Ws4,2 when 28 ::; (3 ::; 43.
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