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1. Introduction

Let k be a field and let G be a finite group. The inverse problem of Galois theory consists of determining whether thereexists a Galois extension K/k with Galois group G. We recall now the definition of the Galois embedding problem,which is the main tool for finding necessary and sufficient conditions for the realizability of a given group.Let K/k be a Galois extension with Galois group F and let
1 −→ A −→ G α−→ F −→ 1, (1)

be a group extension, i.e., a short exact sequence. Solving the embedding problem related to K/k and (1) consists ofdetermining whether or not there exists a Galois algebra (called also a weak solution) or a Galois extension (called a
∗ E-mail: ivo_michailov@yahoo.com
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On Galois cohomology and realizability of 2-groups as Galois groups II

proper solution) L, such that K is contained in L, G is isomorphic to Gal(L/k), and the homomorphism of restriction to
K of the automorphisms from G coincides with α . We denote the so formulated embedding problem by (K/k,G, A). Wecall the group A the kernel of the embedding problem.In [4] we found necessary and sufficient conditions for the realizability of 14 non-abelian groups of order 2n, n ≥ 4,having a cyclic subgroup of index 4, over fields containing a primitive 2n−3th root of unity. The main purpose of thepresent paper is to find such conditions for the remaining 8 groups that are not direct products of smaller groups. Thisis done in Section 4.The criteria which we developed in [4] do not seem to be applicable to the embedding problems with kernel µ2 = {±1}for the remaining 8 groups, so we use different cohomological approach displayed in Sections 2 and 3. Our main resultis Theorem 3.2 which we apply in Section 4 for embedding problems with a cyclic kernel of order 2n−3.
2. Galois cohomology and embedding problems with an abelian kernel

Assume that the kernel A is abelian. We can define an F-module structure on A by ρa = ρ−1aρ where a ∈ A, ρ ∈ Fand ρ is a pre-image of ρ in G.We are going now to recall one approach to the embedding problem, known as a look from above. Let k be the algebraicseparable closure of k with pro-finite Galois group F . Then we have the group extension 1 → R → F → F → 1 andthe homomorphism λ : H2(F, A) → H2(F, A). Denote by c the cohomology 2-class from H2(F, A) corresponding to theextension (1) and put c = λc. The solvability condition for the embedding problem (K/k,G, A) is given by the following.
Theorem 2.1 ([1, Theorem 3.13.2]).
The embedding problem (K/k,G, A) is weakly solvable iff c = 0.

Let the field K contain a primitive root of unity of order equal to the order of the kernel A. Then we can define thecharacter group Â = Hom(A,K ∗) and make it an F-module by ρχ(a) = ρ−1[χ(ρa)] for χ ∈ Â, a ∈ A, ρ ∈ F . Let Z[Â] bethe free abelian group with generators eχ (for χ ∈ Â). We make it an F-module by putting ρeχ = eρχ . Then there existsan exact sequence of F-modules 0 −→ V −→ Z[Â] π−→ Â −→ 0, (2)
where π is defined by π(∑i kieχi

) =∏i χ
ki
i , ki ∈ Z.We can clearly consider all F-modules as F-modules. The exact sequence (2) then implies the exact sequence

0 −→ A ∼= Hom(Â, k∗) −→ Hom(Z[Â], k∗) −→ Hom(V , k∗) −→ 0.
Since H1(F,Hom(Z[Â], k∗)) = 0 (see [1, § 3.13.3]), we obtain the following exact sequence:

0 −→ H1(F,Hom(V , k∗)) β−→ H2(F, A) γ−→ H2(F,Hom(Z[Â], k∗)). (3)
We call the element η = γc the (first) obstruction. The condition η = 0 is clearly necessary for the solvability of theembedding problem (K/k,G, A). This is the well-known compatibility condition found by Faddeev and Hasse. In generalit is not a sufficient condition for solvability. Indeed if we assume that η = 0, then there appears a second obstruction,namely ξ ∈ H1(F,Hom(V , k∗)) such that β(ξ) = c. Thus, in order to obtain a necessary and sufficient condition we musthave both η = 0 and ξ = 0. The second obstruction is very hard to calculate explicitly, though. That is why embeddingproblems for which H1(F,Hom(V , k∗)) = 0 are of special interest. The understanding of the structure of the module Vis crucial for the discovery of such problems.We proceed now with the description of the free abelian group V . In [1, p. 54] it is mistakenly stated that V is generatedby the elements eχ +eχ−1 , as a free abelian group. The exact sequence (2) is in fact a free resolution of Â. Thus V is
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I.M. Michailov

the subgroup of Z[Â], generated by the elements of Z[Â], corresponding to the left members of the defining relations of Â.Since the group Â is finite, the rank of V must be equal to the rank of Z[Â]. Denote by U the submodule of V generatedby the elements eχ +eχ−1 . Denote by n the order of A, i.e., the rank of Z[Â]. We can write n = 1 + s+ t, where s ≥ 0is the number of elements of order 2 in Â, and t ≥ 0 is the number of elements of order > 2 in Â. Then the rank of U is1 + s+ t/2 which is less than n, when Â is not an elementary abelian 2-group.Moreover, any element of the form eχ1+eχ2−eχ1 χ2 ∈ V is not in 〈U, e1〉 for χ1 , χ2 6= 1, χ2 6= χ−11 . Suppose the contrary.Then
eχ1+ eχ2− eχ1 χ2 = α1(eχ1+ eχ−11

)+ α2(eχ2+ eχ−12
)+ α3(eχ1 χ2+ e(χ1 χ2 )−1)

for some αi ∈ Z. If χ1χ2 6= χ−11 and χ1χ2 6= χ−12 , we must have both equations α1 = 0 and α1 = 1, which is acontradiction. If χ1χ2 = χ−11 then α3 = 0, α1 = 1 and α1 = −1, which again is a contradiction.We are now going to introduce a method for finding a Z-basis of V .
Lemma 2.2.
Let n = |A|. There exists a Z-basis v1, . . . , vn of V , such that each vi is of the form eψ+eφ−eψφ for some ψ, φ ∈ Â.

Proof. We can write Â as a direct product of cyclic subgroups: Â = 〈χ1 〉×〈χ2 〉× · · · ×〈χs 〉 for some s ≥ 1. Let
|χi | = ki for i = 1, . . . , s.
Step I. Define

v1 = e1, v2 = eχ1+ eχ1− eχ21 , v3 = eχ1+ eχ21 − eχ31 , . . . , vk1 = eχ1+ eχk1−11 − e1.
Assume that α1v1 + α2v2 + · · ·+ αk1vk1 = 0 for some αi ∈ Z. Comparing the coefficients of the latter linear combination,we obtain that α1 = αk1 and α2 = α3 = . . . = αk1 . Therefore, α1k1eχ1 = 0, so αi = 0 for all i.
Step II. Define

vk1+i = eχ2 + eχ i2− eχ i+12 ,

vk1+(k2−1)+i = eχ1 + eχ i2− eχ1 χ i2 ,
vk1+(2k2−2)+i = eχ21 + eχ i2− eχ21χ i2 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
vk1+(k1−1)(k2−1)+i = eχk1−11 + eχ i2− eχk1−11 χ i2 ,

where i = 1, 2, . . . , k2−1. Similarly to Step I, it is not hard to verify that the so defined vectors v1, . . . , vk1k2 areindependent over Z.
Step III. We can define the elements vk1k2+1, . . . , vk1k2k3 following the same method as in Step II. This is solely a matterof burdensome indexing, so we will omit the explicit formulas. We wish only to point out that these elements are of twotypes: eχ3+eχ i3−eχ i+13 and eχ i1χ j2 +eχ l3−eχ i1χ j2χl3 for i = 1, 2, . . . , k1− 1; j = 1, 2, . . . , k2−1; l = 1, 2, . . . , k3−1.We can proceed in the same way with the remaining n−3 steps, obtaining at the end elements v1, . . . , vn which are
Z-independent. It remains to show that these elements indeed generate V as a free abelian group.Let V1 be the subgroup of V , generated by the elements v1, . . . , vn. Note that for an arbitrary χ ∈ Â we have χ =∏r

i=1 χαiifor some r ≤ s and αr 6= 0. According to the definitions of vi’s, we have
eχ ≡ e∏r−1

i=1 χαii + eχαrr ≡
r∑
i=1 eχαii ≡

r∑
i=1 αieχi (mod V1). (4)

Now for an arbitrary v ∈ V we have v ≡
∑s

i=1 βieχi (mod V1), where ∏s
i=1 χβii = 1. Again from (4) it follows that

v ≡
∑

i eχβii ≡ e
∏
i χ

βi
i
≡ e1 ≡ 0 (mod V1). Hence V = V1 and we are done.
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3. The compatibility condition

Recall first that the embedding problem with an abelian kernel (K/k,G, A) is called Brauer if Â is a trivial F-module,i.e., ρχ = χ for all χ ∈ Â and all ρ ∈ F . From [1, Theorem 3.2], it follows that the compatibility condition is sufficientfor the weak solvability of the Brauer problem. It can be shown that this result follows also from the fact that V is atrivial F-module (see [5]). Moreover, in [5] the following generalization is proven.
Proposition 3.1 ([5, Theorem 3.2]).
Let the abelian kernel A be such that ρχ = χ±1 for all χ ∈ Â and ρ ∈ F . Then the compatibility condition is necessary
and sufficient for the weak solvability of the embedding problem (K/k,G, A).
The latter result implies immediately that the compatibility condition is necessary and sufficient for the solvability of allembedding problems with a cyclic kernel of order 4 (see [1, § 3.4.1] and [5, Corollary 3.3]). On the other hand, there areexamples (see the discussion after Theorem 3.2) showing that the compatibility condition is not always sufficient for thesolvability of embedding problems with kernels of order 2t for t ≥ 3. However, we are able to improve Proposition 3.1with the following.
Theorem 3.2.
Let A be an abelian group of order n, let the field K contain a primitive nth root of unity, and let m be an integer such
that m2 ≡ 1 (mod n). Assume that (K/k,G, A) is an embedding problem such that the action of F = G/A on Â satisfies
the following: for any ρ ∈ F we have either ρχ = χm for all χ ∈ Â, or ρχ = χ for all χ ∈ Â. Then the compatibility
condition is necessary and sufficient for the weak solvability of the embedding problem (K/k,G, A).
Proof. We have the exact sequence (3). Note that H1(F,Hom(V , k∗)) ∼= H1(F,Hom(V ,K ∗)) (see [5, Section 2]). Inthis way, it is enough to show that H1(F,Hom(V ,K ∗)) = 0.Choose and fix an arbitrary ρ ∈ F such that ρχ = χm for all χ ∈ Â. Define U = {u ∈ V : ρu = u}. Clearly, U is afree abelian group. Hence the group Hom(U,K ∗) is a direct product of several copies of K ∗, so by Speiser’s theorem [7],
H1(F,Hom(U,K ∗)) = 0.According to Lemma 2.2, V has a Z-basis that consists of elements of the form eψ+eφ−eψφ for some ψ, φ ∈ Â. It canbe easily verified that some of the basis elements are not in U , so U 6= V . Let v ∈ V \ U . Since m2 ≡ 1 (mod n), theelement v+ ρv is in U . Therefore, ρv ≡ −v (mod U). Now, suppose αv ∈ U for some α ∈ Z∗. Let ρv = −v + u forsome u ∈ U . Since U is a trivial F-module, we get ρ(αv) = −αv + αu = αv , so u = 2v . Hence ρv = v , which is acontradiction. Therefore, V /U ∼=∑Zv , where v = v+U and τ(Zv) = Zv for all τ ∈ F . Hence Hom(V /U,K ∗) is a directproduct of several copies of K ∗, so H1(F,Hom(V /U,K ∗)) = 0.Since V /U is a free abelian group, we have that V = (V /U)⊕U and Hom(V ,K ∗) = Hom(V /U,K ∗)⊕Hom(U,K ∗). Thuswe get the exact sequence

0 = H1(F,Hom(V /U,K ∗)) −→ H1(F,Hom(V ,K ∗)) −→ H1(F,Hom(U,K ∗)) = 0,
which clearly implies H1(F,Hom(V ,K ∗)) = 0.
The question naturally arises as to whether a further improvement of the latter theorem is possible. Given a fixed integer
m such that m 6≡ 1 (mod n) and m2 ≡ 1 (mod n), consider the following action of F on Â: for any ρ ∈ F we have either
ρχ = χm for all χ ∈ Â, or ρχ = χ l for all χ ∈ Â, where l is some integer such that l 6≡ 1 (mod n), l 6≡ m (mod n) and
l2 ≡ 1 (mod n). Under these assumptions, however, we are not able to define properly an F-trivial submodule U so that
ρv ≡ −v (mod U) for all ρ ∈ F and v ∈ V . Moreover, in [1, § 3.14.3] a counter-example is given showing that a certainembedding problem with a cyclic kernel of order 8 is not solvable. There F is an elementary abelian group of order 8with generators f1, f2 and f3, acting on the generator χ of Â by f1χ = χ7, f2χ = χ5, f3χ = χ7.Next, we are going to state one of the forms of the compatibility condition (see [1, § 3.3]). Let (K/k,G, A) be an arbitraryembedding problem with an abelian kernel. We need to introduce some notations.
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Let us first recall the definitions of associated problems of the first and second kind. Let A1 to be an F-module, and let
φ : A → A1 be an F-epimorphism. Then φ induces a homomorphism φ∗ : H2(F, A) → H2(F, A1). If c is the 2-coclass of(5) in H2(F, A), we can consider the embedding problem related to K/k and φ∗(c), which we call an associated problem
of the first kind. Next, let F1 be a subgroup of F . Then we have the restriction map res : H2(F, A) → H2(F1, A). Theproblem related to K/KF1 and res(c) we call an associated problem of the second kind. For more information about theassociated problems and their obstructions we refer the reader to [5].Now, let χ ∈ Â be an arbitrary character of A and denote by Fχ = {ρ ∈ F : ρχ = χ} the subgroup of elements of Fwhich act trivially on χ . Further, define Bχ = Kerχ , the kernel of χ ; Aχ = A/Bχ ; Hχ = π−1(Fχ ); Gχ = Hχ /Bχ ; and
Kχ = KFχ , the fixed field of Fχ . It can be shown that Aχ is a cyclic group isomorphic to the group of values of χ . Thecharacter of Aχ induced by χ generates the character group of Aχ . The problem (K/Kχ , Gχ , Aχ ) is obviously a Brauerproblem with a cyclic kernel. Then the compatibility condition for the embedding problem (K/k,G, A) holds if and onlyif all associated problems (K/Kχ , Gχ , Aχ ) related to the group extensions

1 −→ Aχ −→ Gχ
πχ−→ Fχ −→ 1 (5)

are solvable for all characters χ ∈ Â.Since the character χ induces a homomorphism χ̄ : H2(Fχ , Aχ )→ H2(Fχ , K ∗), the compatibility condition can be statedas follows: χ̄(cχ ) = 1 for all χ ∈ Â, where cχ is the 2-coclass of (5) in H2(Fχ , Aχ ).In fact, we do not need to consider all these problems. It suffices to consider the problems (K/Kχ , Gχ , Aχ ), where χ runsthrough a set of representatives of the conjugate classes in Â, considered as an F-module.In particular, for an embedding problem with a cyclic p-kernel for some prime p, we need to consider only the associatedBrauer problems of the first and second kind with the largest kernel and the largest subgroup Fχ , since the remainingBrauer problems are their associates as well. Indeed, if A is a cyclic p-group and A1, A2 are some quotient groups of Asuch that the order of A1 is bigger than the order of A2, then there is an epimorphism φ : A1 → A2. Similarly, if F2 ≤ F1are subgroups of F then the problem related to a group extension of F2 is an associated problem of the second kind tothe problem related to a group extension of F1.For a Brauer problem with a cyclic kernel all characters are powers of a certain χ , Fχ = F and Kχ = k , so thecompatibility condition takes the form: χ̄(c) = 1, where c is the class of (5) in H2(F, A). Since H2(F,K ∗) is isomorphicto the relative Brauer group Br(K/k), we may consider the obstruction χ̄(c) as an element of the absolute Brauer groupBr(k). Let Γ = (K,F, c) be the crossed product algebra corresponding to the extension (5). Then the equivalence class[Γ] = [K,F, c] ∈ Br(k) is equal to the element χ̄(c).
4. Non-abelian 2-groups having a cyclic subgroup of index 4
The finite non-abelian groups of order 2n that have a cyclic subgroup of index 4, but not a cyclic subgroup of index 2 areclassified in [6, Theorem 2]. We list here only the 8 groups, that are not discussed in [4] and that are not direct productsof smaller groups:
(II) n ≥ 5

G18 = 〈σ, τ, λ : σ 2n−2 = τ2 = 1, λ2 = τ, τ−1στ = σ 1+2n−3 , λ−1σλ = σ−1τ〉;
(III) n ≥ 6

G19 = 〈σ, τ : σ 2n−2 = τ4 = 1, τ−1στ = σ 1+2n−4〉,
G20 = 〈σ, τ : σ 2n−2 = τ4 = 1, τ−1στ = σ−1+2n−4〉,
G21 = 〈σ, τ : σ 2n−2 = 1, σ 2n−3 = τ4, σ−1τσ = τ−1〉,
G22 = 〈σ, τ, λ : σ 2n−2 = τ2 = λ2 = 1, στ = τσ, λ−1σλ = σ 1+2n−4τ, λ−1τλ = σ 2n−3τ〉,
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G23 = 〈σ, τ, λ : σ 2n−2 = τ2 = λ2 = 1, στ = τσ, λ−1σλ = σ−1+2n−4τ, λ−1τλ = σ 2n−3τ〉,
G24 = 〈σ, τ, λ : σ 2n−2 = τ2 = λ2 = 1, τ−1στ = σ 1+2n−3 , λ−1σλ = σ−1+2n−4 , τλ = λτ

〉
,

G25 = 〈σ, τ, λ : σ 2n−2 = τ2 = 1, σ 2n−3 = λ2, τ−1στ = σ 1+2n−3 , λ−1σλ = σ−1+2n−4 , τλ = λτ
〉
.

It is easy to see that the subgroup 〈σ 2〉 is normal in each of the above groups.
Proposition 4.1.
Assume that the group G is isomorphic to any of the groups Gi for i = 18, . . . , 25, and denote A = 〈σ 2〉. Let the field k
contain a primitive 2n−3th root of unity ζ, let F = G/A, and let K/k be a Galois extension with Galois group F . The
embedding problem (K/k,G, A) is properly solvable if and only if the compatibility condition is satisfied.

Proof. Let G ∼= G18. The action of F on A is given by τσ 2 = σ 2 and λσ 2 = (σ 2)m for m = −1− 2n−4. Since k containsa primitive 2n−3th root of unity, the action of F on the character group Â is the same. Clearly, m2 ≡ 1 (mod 2n−3), sowe can apply Theorem 3.2, obtaining that the compatibility condition is sufficient for the weak solvability of the problem(K/k,G, A). Note that A is contained in the Frattini subgroup Φ(G) = [G,G] · G2 of G. It is well known that if thekernel is contained in the Frattini subgroup of G, then the weak solvability implies the proper solvability (see [1, § 1.6,Corollary 5]).We can proceed in the same way with the remaining groups, since for each group the action of F on A satisfies theconditions of Theorem 3.2.
By applying the latter proposition, we are going to obtain necessary and sufficient conditions for the realizability of thegroups Gi as Galois groups over any given field k , containing a primitive 2n−3th root of unity ζ.
4.1. The group G18
We have the group extension 1 −→ 〈σ 2〉 −→ G18 α−→ F −→ 1, (6)
where F is isomorphic to the dihedral group D8 of order 8, and is generated by elements x, y with relations x4 = y2 = 1,
y−1xy = x−1, where α : σ 7→ y, λ 7→ x.Next, let K/k be an arbitrary D8 extension. Consider the embedding problem (K/k,G18, 〈σ 2〉) given by K/k and (6).Then K/k contains a biquadratic extension k(√a1,√a2)/k , where k(√a2) is the fixed subfield of 〈x〉. It is well known(see [2]) that the obstruction to the embedding of k(√a1,√a2)/k into a D8 extension is (a1, a1a2) ∈ Br(k).Now, assume that (a1, a1a2) = 1 ∈ Br(k). Let α1 ∈ k and α2 ∈ k∗ be such that a1a2 = α21 − a1α22 . Then

K/k = k
(√

r (α1−α2√a1) ,√a2
)/

k (7)
for some r ∈ k∗. Put φ = α1−α2√a1 and φ′ = α1+α2√a1. According to [2, Section 4], we can assume that x and y actin this way:

x : √rφ 7→
√
rφ′ ,

√
rφ′ 7→ −√rφ ,

√
a2 7→ √a2 ,

y : √rφ 7→ √rφ ,
√
rφ′ 7→ −

√
rφ′ ,

√
a2 7→ −√a2 .

As we noted at the end of the previous section, the compatibility condition is equivalent to the solvability of all associatedBrauer problems.
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Consider all associated problems of the first kind. From the relation λ−1σλ = σ−1τ we get that there is only one Brauerproblem of the first kind. It is given by the group extension
1 −→ 〈σ 2〉/〈σ 4〉 ∼= µ2 −→ G18/〈σ 4〉 α−→ F −→ 1,

where G18/〈σ 4〉 is isomorphic to DfC – the pull-back of the groups D8 and C4. According to [2, Example 4.6], theobstruction to the embedding problem (K/k,DfC, µ2) is (a1,−1) ∈ Br(k). Since √−1 is in k , the obstruction (a1,−1)always splits.An associated Brauer problem of the second kind is obtained as follows. Denote by F1 the subgroup of F generated by
x2 and y. Take the restriction of (6):

1 −→ 〈σ 2〉 −→ α−1(F1) α−→ F1 −→ 1,
where α−1(F1) is the subgroup of G18 generated by the elements σ and τ. We have the relations σ 2n−2= τ2 = 1 and
τ−1στ = σ 1+2n−3, whence α−1(F1) is isomorphic to the modular group M(2n−1). Note that F1 = Gal(K/k(√a1)). Accordingto [3, Example 3.2], the obstruction to the embedding problem (K/k(√a1),M(2n−1), 〈σ 2〉) is (ζ−1a2, rφ) ∈ Br(k(√a1)).The remaining Brauer problems are associated problems to the one we just considered, since it has the biggest kerneland the biggest group F1. In this way, we get that the group G18 is realizable over k if and only if there exist
r, α1, α2 ∈ k and quadratically independent a1, a2 ∈ k such that a1a2 = α21−a1α22 (i.e., (a1, a2) = 1 ∈ Br(k)) and(ζ−1a2, rφ) = 1 ∈ Br(k(√a1)).
4.2. The group G19
We have the group extension 1 −→ 〈σ 2〉 −→ G19 α−→ F −→ 1, (8)
where F is isomorphic to the group C4×C2, and is generated by elements x, y with relations x4 = y2 = 1, y−1xy = x,where α : σ 7→ y, τ 7→ x.Next, let K/k be an arbitrary C4× C2 extension. Consider the embedding problem (K/k,G19, 〈σ 2〉) given by K/k and (8).Then K/k contains a biquadratic extension k(√a1,√a2), where k(√a2) is the fixed subfield of 〈x〉. It is well known thatthe obstruction to the embedding of k(√a1) into a C4 extension is (a1, a1) ∈ Br(k).Now, assume that (a1, a1) = 1 ∈ Br(k). Let β1 ∈ k and β2 ∈ k∗ be such that a1 = β21−a1β22 . Then

K/k = k
(√

r (β1−β2√a1) ,√a2
)/

k

for some r ∈ k∗. Put ψ = β1−β2√a1 and ψ′ = β1 +β2√a1. According to [2, Example 3.3], we can assume that x and yact in this way:
x : √

rψ 7→
√
rψ′ ,

√
rψ′ 7→ −

√
rψ ,

√
a2 7→ √a2 ,

y : √
rψ 7→

√
rψ ,

√
rψ′ 7→

√
rψ′ ,

√
a2 7→ −√a2 .

The associated Brauer problem of the first kind which has the biggest kernel is given by the group extension
1 −→ 〈σ 2〉/〈σ 2n−3〉 ∼= C2n−4 −→ G19/〈σ 2n−3〉 α−→ F −→ 1,

where G19/〈σ 2n−3〉 is isomorphic to the group G−1,1 from [3, Proposition 4.4]. We have the group extension
1 −→ µ2 −→ G−1,1 −→ M(2n−2) −→ 1, (9)
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so there must exist an M(2n−2)-extension. The obstruction for the realizability of the modular group of order 2n−2 is(ζ−2a2, a1) ∈ Br(k) and the obstruction to the problem related to (9) is (a2,−1) ∈ Br(k), according to [3, Example 3.2]and [3, Proposition 4.4], respectively.Now, denote by F1 the subgroup of F generated by x2 and y. Take the restriction of (8):
1 −→ 〈σ 2〉 −→ α−1(F1) α−→ F1 −→ 1,

where α−1(F1) is the subgroup of G19 generated by the elements σ and τ1 = τ2. We have the relations σ 2n−2= τ21 = 1 and
τ−11 στ1 = σ 1+2n−3, whence α−1(F1) is isomorphic to the modular groupM(2n−1). Note that F1 = Gal(K/k(√a1)). Accordingto [3, Example 3.2], the obstruction to the Brauer problem (K/k(√a1),M(2n−1), 〈σ 2〉) is (ζ−1a2, rψ) ∈ Br(k(√a1)).
4.3. The group G20
We have the group extension 1 −→ 〈σ 2〉 −→ G20 α−→ F −→ 1, (10)
where F is isomorphic to the group C4×C2, and is generated by elements x, y with relations x4 = y2 = 1, y−1xy = x,where α : σ 7→ y, τ 7→ x.Next, let K/k be an arbitrary C4×C2 extension. Consider the embedding problem (K/k,G20, 〈σ 2〉) given by K/k and (10).There is only one associated Brauer problem of the first kind and is given by the group extension

1 −→ 〈σ 2〉/〈σ 4〉 ∼= µ2 −→ G20/〈σ 4〉 α−→ F −→ 1,
where G20/〈σ 4〉 is isomorphic to the group QfC – the pull-back of Q8 and C4. According to [2, Example 4.5], theobstruction to the embedding problem (K/k,QfC, µ2) is (a1, a2) ∈ Br(k).Now, denote by F1 the subgroup of F generated by x2 and y. Take the restriction of (10):

1 −→ 〈σ 2〉 −→ α−1(F1) α−→ F1 −→ 1,
where α−1(F1) is the subgroup of G20 generated by the elements σ and τ1 = τ2. We have the relations σ 2n−2= τ21 = 1and τ−11 στ1 = σ 1+2n−3, whence α−1(F1) is isomorphic to the modular group M(2n−1). Hence the obstruction for the Brauerproblem of the second kind is the same as for the group G19.
4.4. The group G21
We have the group extension 1 −→ 〈σ 2〉 −→ G21 α−→ F −→ 1,
where F is isomorphic to the dihedral group D8 of order 8, and is generated by elements x, y with relations x4 = y2 = 1,
y−1xy = x−1, where α : σ 7→ y, τ 7→ x. Let K/k be a D8-extension as in (7). Since σ−2τσ 2 = τ, the problem(K/k,G21, 〈σ 2〉) is Brauer.Denote by Γ the crossed product algebra representing the obstruction to the Brauer problem (K/k,G21, 〈σ 2〉). Then Γis generated over k by the elements from K and elements ux , uy such that uxa = x(a)ux , uyb = y(b)uy for a, b ∈ K ,and u4

x = −1, u2
y = ζ, u−1

y uxuy = u−1
x .Let A be the subalgebra of Γ generated over k by the elements uy and √a2. Clearly, A is isomorphic to the quaternionalgebra (ζ, a2). Then Γ is isomorphic to A⊗CΓ(A), where CΓ(A) is the centralizer of A in Γ. Let B be the subalgebra ofΓ generated over k by the elements ux +u−1

x and √a1. Since u−2
x = −u2

x , we get that B is isomorphic to the quaternionalgebra (2, a1). The relation uxuy = uyu−1
x shows that B is contained in CΓ(A). Hence Γ ∼= A⊗B⊗CΓ(A⊗B).
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Now, define w = √rφ+√rφ′u2
x . From the relations u2

xuy = −uyu2
x , uy√rφ = √rφuy and uy√rφ′ = −√rφ′ it followsthat w ∈ CΓ(A). We have as well uxw = wu−1

x and u−1
x w = wux , so w ∈ CΓ(A⊗B). Similarly, the element √a2u2

x iscontained in CΓ(A⊗B). Let C be the subalgebra of Γ generated over k by the elements w and √a2u2
x . It is not hardto verify that C is isomorphic to the quaternion algebra (−a2, 2rα1).Therefore, Γ is isomorphic to the product of quaternion algebras (ζ, a2)(2, a1)(−a2, 2rα1). Since ζ ∈ k is a primitive2n−3th root of unity, n ≥ 6, the field k contains a primitive 8th root of unity and the obstruction is equivalent to thequaternion algebra (a2, rα1ζ) ∈ Br(k).

4.5. The group G22
We have the group extension 1 −→ 〈σ 2〉 −→ G22 α−→ F −→ 1, (11)
where F is isomorphic to the dihedral group D8 of order 8, and is generated by elements x, y with relations x4 = y2 = 1,
y−1xy = x−1, where α : σ 7→ y, σλ 7→ x. Let K/k be a D8-extension as in (7).The associated Brauer problem of the first kind that has the biggest kernel is given by the group extension

1 −→ 〈σ 2〉/〈σ 2n−3〉 ∼= C2n−4 −→ G22/〈σ 2n−3〉 α−→ F −→ 1,
where G22/〈σ 2n−3〉 is isomorphic to the group M̃(2n−2) from [3, Proposition 4.3]. We have the group extension

1 −→ µ2 −→ M̃(2n−2) −→ M(2n−2) −→ 1, (12)
so there must exist an M(2n−2)-extension. The obstruction for the realizability of the modular group of order 2n−2 is(ζ−2a2, a1) ∈ Br(k) and the obstruction to the problem related to (12) is (a2, a1) ∈ Br(k), according to [3, Example 3.2]and [3, Proposition 4.3], respectively.Now, denote by F1 the subgroup of F generated by x2 and y. Take the restriction of (11):

1 −→ 〈σ 2〉 −→ α−1(F1) α−→ F1 −→ 1,
where α−1(F1) is the subgroup of G22 generated by the elements σ and τ. Clearly, α−1(F1) is isomorphic to thegroup C2n−2×C2. Note that F1 = Gal(K/k(√a1)). It is well known that the obstruction to the Brauer problem(
K/k(√a1), C2n−2×C2, 〈σ 2〉) is (a2, ζ) ∈ Br(k(√a1)).

4.6. The group G23
We have the group extension 1 −→ 〈σ 2〉 −→ G23 α−→ F −→ 1,
where F is isomorphic to the dihedral group D8 of order 8, and is generated by elements x, y with relations x4 = y2 = 1,
y−1xy = x−1, where α : σ 7→ y, σλ 7→ x. Let K/k be a D8-extension given by (7).There is only one associated Brauer problem of the first kind, which is given by the group extension

1 −→ 〈σ 2〉/〈σ 4〉 ∼= µ2 −→ G23/〈σ 4〉 α−→ F −→ 1,
where G23/〈σ 4〉 is isomorphic to the pull-back DfC .The associated Brauer problem of the second kind is equivalent to the corresponding problem for the group G22, namely(
K/k(√a1), C2n−2×C2, 〈σ 2〉).
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4.7. The groups G24 and G25
The two groups have identical Brauer problems, so we confine ourselves to describing the obstructions for the group
G24. We have the group extension 1 −→ 〈σ 2〉 −→ G24 α−→ F −→ 1, (13)
where F is isomorphic to the group C 32 , and is generated by elements x, y, z such that α : σ 7→ x, τ 7→ y, λ 7→ z. Thenany C 32 extension K/k has the form

K/k = k
(√
a1,√a2,√a3)/k

and we can assume that x, y and z act in this way:
x : √

a1 7→ −√a1 , √
a2 7→ √a2 , √

a3 7→ √a3 ,
y : √

a1 7→ √a1 , √
a2 7→ −√a2 , √

a3 7→ √a3 ,
z : √

a1 7→ √a1 , √
a2 7→ √a2 , √

a3 7→ −√a3 .
There is only one associated Brauer problem of the first kind, which is given by the group extension

1 −→ 〈σ 2〉/〈σ 4〉 ∼= µ2 −→ G24/〈σ 4〉 α−→ F −→ 1,
where G24/〈σ 4〉 is isomorphic to the group D8×C2.Now, denote by F1 the subgroup of F generated by x and y. Take the restriction of (13):

1 −→ 〈σ 2〉 −→ α−1(F1) α−→ F1 −→ 1,
where α−1(F1) is the subgroup of G24 generated by the elements σ and τ. Clearly, α−1(F1) is isomorphic to the modulargroup M(2n−1). Note that F1 = Gal(K/k(√a3)). According to [3, Example 3.2], the obstruction to the Brauer problem(
K/k(√a3),M(2n−1), 〈σ 2〉) is (ζ−1a2, a1) ∈ Br(k(√a3)).Finally, we summarize the obtained obstructions for the groups G18 to G25 in the following table.

Table 1. The obstructions when ζ = ζ2n−3 ∈ F
Group Obstructions
G18 (a1, a2) ∈ Br(k), (ζ−1a2, rφ) ∈ Br(k(√a1))
G19 (a1, a2) ∈ Br(k), (ζ−1a2, rψ) ∈ Br(k(√a1))
G20 (a1, a2) ∈ Br(k), (ζ−1a2, rψ) ∈ Br(k(√a1))
G21 (a1, a2) ∈ Br(k), (a2, rα1ζ) ∈ Br(k)
G22 (a1, a2) ∈ Br(k), (a2, ζ) ∈ Br(k(√a1))
G23 (a1, a2) ∈ Br(k), (a2, ζ) ∈ Br(k(√a1))
G24 (a1, a2) ∈ Br(k), (ζ−1a2, a1) ∈ Br(k(√a3))
G25 (a1, a2) ∈ Br(k), (ζ−1a2, a1) ∈ Br(k(√a3))
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